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ABSTRACT OF DISSERTATION

PROPERTIES OF THE RECONSTRUCTION ALGORITHM AND
ASSOCIATED SCATTERING TRANSFORM FOR ADMITTIVITIES IN THE
PLANE

We consider the inverse admittivity problem in dimension two. The focus of this
dissertation is to develop some properties of the scattering transform S, (k) with
v € WHP(Q2) and to develop properties of the exponentially growing solutions to
the admittivity equation. We consider the case when the potential matrix is Her-
mitian and the definition of the potential matrix used by Francini [Inverse Prob-
lems, 16, 2000]. These exponentially growing solutions play a role in developing
a reconstruction algorithm from the Dirichlet-to-Neumann map of . A boundary
integral equation is derived relating the Dirichlet-to-Neumann map of v to the

exponentially growing solutions to the admittivity equation.

Alan Von Herrmann
Department of Mathematics
Colorado State University
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Chapter 1

INTRODUCTION

A very interesting problem in the theory of partial differential equations is the
inverse conductivity problem. It has a rich history, a lot of beautiful mathematics,
and many practical appplications.

Let 2 C R? be a bounded, simply connected Lipschitz domain. Let v(z) =
o(z) + iwe(x), where o and ¢ are real measurable functions defined in 2 with both
o and € bounded away from zero and infinity, and w a small positive number.

The forward (electrical) admittivity problem is to determine u € H*(Q2) given

~ of the Dirichlet problem

V- -4Vu=0in§,
(1.1)
ulon = f € H'/?(09)
Here v is the admittivity, ¢ is conductivity and € is permittivity. In chapter 3,
we will briefly discuss this terminology. We will call V - vVu = 0 the admittivity
equation and if v = o, the conductivity equation.

This boundary value problem is elliptic, and describes the behavior of the

electric potential in a conductive body (1.



Define the Dirichlet-to-Neumann map for v as

A, HY2(0Q) — H'2(80Q),

(A f.g) = /Q VVu - Vo 12

where v € H(Q) with trace g on the boundary. This operator is compact and
self-adjoint.

Physically, f represents a voltage distribution on the boundary of a physical
body Q with an unknown electrical admittivity distribution ~. Let u be a function
that represents the electric potential inside the body that solves the admittivity
equation (1.1) and agrees with f on the boundary. The inverse admittivity problem
is to determine an unknown admittivity distribution inside a physical body from
electrical measurements on the surface of the body.

We will address the inverse admittivity problem (called the inverse conduec-
tivity problem if there is no permittivity) of determining ~ from knowledge of
A.,. Historically, much more research has been done on the inverse conductivity
problem, there are only two known theoretical papers on the inverse admittivity
problem [Fra00] and [Buk07].

The Dirichlet-to-Neumann map (D-N map) A, can be interprcted as the

voltage-to-current density map
A, HY2(8Q) — H™Y2(6Q)
Ju (1.3)
Ay fr=ry 5;|59,

which depends nonlinearly on the admittivity +.



Using integration by parts (Green’s Theorem), we see that

(A S g) = /Q’Yvu - Vo

ou., _
= [ % /Q (V- (V)7 (1.4)

oo OV
ou.
= /6,9(75)1}

It is now easy to see why we called the map Dirichlet-to-Neumann.

The inverse (electrical) conductivity problem of Calderén {Cal80] is to uniquely
determine o from the knowledge of the Dirichlet-to-Neumann map A,. That is,
does A,, = A,, imply o1 = 037. The conductivity ¢ may have some additional
regularity assumptions. The inverse conductivity problem was solved in numerous
function spaces, we will give a brief history of the problem in chapter 4. The
inverse admittivity problem was recently solved by Francini [Fra00] in W?(Q).

There are several important questions related to the Dirichlet-to-Neumann

map A,

o The injectivity of A, (uniqueness),

The continuity of AJ' (stability),

Determination of the range of AJ' (existence),

The reconstruction of v from A,

Numerical implementation of the reconstruction algorithm.

The uniqueness question is extremely important since an affirmative answer
tells us that two different conductivities can be distinguished from boundary mea-

surements. Stability is important for the analysis of the propagation of errors in



the data and also for numerical algorithms. The existence question is answered in
the constructive uniqueness proofs. The reconstruction question is important both
from a theoretical and applied point of view. Of course, the numerical implemen-
tation of the reconstruction algorithm is important from a practical point of view.
Note that these issues we mentioned are not necessarily independent. As we will
see in chapter three, the uniqueness proof can provide a reconstruction algorithm.

Perhaps the most important application of the inverse admittivity (conduc-
tivity) problem is the medical imaging technique known as electrical impedance
tomography (EIT). EIT allows us to produce a picture of the electrical conductiv-
ity distribution inside a person. An important application of the two dimensional
geometry considered here is cross-sectional chest imaging. By applying current
patterns on clectrodes around the perimeter of a person’s chest and measuring the
resulting voltage on the electrodes, the solution to the inverse conductivity prob-
lem will give us a two dimensional image of a cross-section of the chest. This is
doable since the tissues and organs in the body have different conductivities. Some
applications of EIT in this case include monitoring of heart and lung function, di-
agnosis of pulmonary embolus, diagnosis of pulmonary edema, and monitoring for
internal bleeding. EIT has been used in clinical trials. Other applications of EIT
include underground contaminant detection, materials testing and nondestructive
testing. There are many papers that discuss EIT, see for example, [CIN99], [Bor02]
or [Hol93].

Of course, the electrical conductivity and permittivity vary between tissues
and organs in the body, the frequency of the applied current, as well as depending
on temperature and physiological factors. The fact that the electrical conductiv-

ity and permittivity vary is also what makes EIT useful and allows us to form



an image. Most algorithms just reconstruct conductivity. However, physiologi-
cal features can be visible in the permittivity image that are not visible in the
conductivity image. Dr. David Isaacson gave a talk at the AIP meeting 2007 in
Vancouver and presented data that illustrates this fact. Also there is a paper that
shows reconstructed images of conductivity and permittivity changes of banana
and cucumber [KOWT(7] that demonstrate the dependence of the reconstructed
conductivity and permittivity on frequency and also display the above property.

Distinguishing between certain lung pathologies (example: pneumothorax vs
lung distension) is a promising application of imaging permittivity.

The inverse admittivity problem is a very difficult problem in the theory of
PDEs since it is nonlinear and ill-posed. The reconstruction problem is ill-posed in
the sense that large changes in the conductivity can correspond to small changes in
the boundary data. The Dirichlet-to-Neumann map is a pseudo-differential opera-
tor, whose kernel can be computed from its Fourier symbol [LU89]. Furthermore,
the problém is more difficult in dimension two than dimension n > 3. The main
reason is because the Schwartz kernel of A, is a distribution of 2(n-1) variables,
but the conductivity ¢ throughout the domain, is a function of n variables. Thus,
in dimension two the problem is formally determined, while in dimension n > 3 is
overdetermined.

The reconstruction of the admittivity v by the method studied here involves
an important object called the scattering transform (to be defined below). The
scattering transform is a very useful tool to use in the inverse conductivity problem
since the scattering transform can be computed from the boundary measurements,
and the conductivity can be computed from the scattering transform.,

Scattering theory fér a certain first order elliptic system (to be defined be-

low) also has important consequences for non-linear evolution equations [Sun94a],

(@]



[Sun94b], [Sun94c]. These works show that a scattering transform for the elliptic
system considered here can be used to transform a nonlinear system of PDEs in 2
dimensions called the Davey-Stewartson II system into a linear evolution equation.
Thus, the scattering transform is an important entity arising in inverse scattering
theory, EIT, and evolution equations, and a study of its properties will be a main
(but not sole) focus of this dissertation.

As we will see, when the conductivity o € W2P(Q), the scattering transform
t(k) plays a major role in solving the inverse conductivity problem. In this context,
Nachman [Nac96], Siltanen [Sil99], Mueller and Siltanen [MS03], Knudsen [Knu02],
Knudsen, Lassas, Mueller and Siltanen [KLMS07] have developed some propertics
for the scattering transform t.

Brown and Uhlmann’s argument used to solve the inverse conductivity prob-
lem for ¢ € WHP(£2) [BU97] relies on scattering theory that had been developed
earlier by Beals and Coifman [BC88] and Sung [Sun94a], [Sun94b], [Sun%4c].

Kundsen [Knu02] and Brown [Bro01] established some properties for the scat-
tering transform for a real measurable function o € W*(Q). Francini [Fra00] also
used some properties for a real measurable function ¢ € W1?(Q) that was used in
the proof of the uniqueness problem in the admittivity case, such properties were
established by Sung [Sun94a]

We will give a brief overview of previous work done in establishing some prop-
erties of the two-dimensional scattering transform S, (k) used in the first order
elliptic system in the real case.

Francini’s work {Fra00] provided the first proof that the Dirichlet-to-Neumann
map uniquely determines the admittivity - and established some properties of the

electric potential u and the scattering transform. However [Fra00] does not contain



a complete set of formulas that constitute a direct reconstruction alogorithm, al-
lowing one to go from the Dirichlet-to-Neumann data to v, as, for example, [Nac96]
and [APO06] do in the real case. This dissertation provides some of the required
equations, although some may be improved upon in the future.

In this dissertation, we derived several new properties of the scattering trans-
form corresponding to a complex measurable function v € W1#(2). We have also
established some properties of the exponentially growing solutions to the admittiv-
ity equation (1.1) that will be useful for a reconstruction algorithm of the admittiv-
ity from the Dirichlet-to-Neumann map. We also prove that a modified definition
of the potential matrix @, from that of [Fra00] leads to symmetry propertics of
the entries of the exponentially growing solution matrix and scattering transform.

The dissertation is organized as follows. In chapter 2, we will bricfly discuss
the mathematical model of our problem. In chapter 3 we will give a brief history
and discuss the uniqueness of the admittivity (conductivity) in some important
Sobolev spaces. Chapter 4 is a discussion on known properties for the scatter-
ing transforms corresponding to conductivity in several different Sobolev spaces.
Chapters b and 6 contain the most important contributions to this dissertation. In
these chapters we will prove new properties of the associated scattering transform
for admittivities in the plane, and also some identities involving the exponentially
growing solutions to the admittivity equation that will be useful for a future re-
construction algorithm for admittivities in the Sobolev space W1P((2) in the plane.
Francini defines a certain potential matrix that was useful to prove new proper-
ties of the exponentially growing solutions to the admittivity equation, but the
definition wasn’t useful in establishing properties of the off-diagonal entries of the

scattering transform. We define a new potential matrix that turns out to be useful



in establishing symmectry properties of the off-diagonal entries of the scattering
transform, but we can’t use it to establish any properties of the exponentially
growing solutions to the admittivity equation. In Appendix A we will recall some
important function spaces, notations, and notations used in the inverse admittivity

conductivity problem.



Chapter 2

A MATHEMATICAL MODEL

We will now briefly discuss some terminology and also how the forward elec-
trical admittivity (conduectivity) problem evolved.

Electrical impedance describes the measure of an object’s opposition to a
sinusoidal alternating current (AC).

Electrical impedance extends the concept of resistance in AC circuits by not
only describing the relative amplitudes of voltages and currents, but also the
changes in their relative phases.

We define Magnetic permeability as the degree of magnetization of a ma-
terial that responds linearly to an applied magnetic field.

Materials with high permeabilties allow magnetic flux through more easily
than others.

Permittivity is the measure of the ability of a material to store a change.

The Electrical conductivity measures the ease with which a steady current
can flow.

The electrical admittivity (EIT) is a complex-valued function v = o + iwe
consisting of the electrical conductivity (the real part) along with the electrical

permittivity (imaginary part), where w is the time frequency of the AC current.



Electrical impedance tomography is a medical imaging system that pro-
duces a picture of electrical conductivity distribution insides a human body.

Let’s briefly discuss the mathematical model for EIT [Fra00]. This will moti-
vates why we are looking at the Dirichlet problem and the Dirichlet-to-Neumann
map.

Let’s denote, respectively, E and H the electric and magnetic fields. We first

need Maxwell’s equations for electromagnetic waves of frequency w :

curlE = —iwuH (2.1)

curlH = oFE + iweE, (2.2)

where o, €, and u are, respectively,(electrical) conductivity, (electrical) electrical
permittivity and magnetic permeability of the medium and i = /—1.

It has been shown that the magnetic permability of the human body is a very
small number and its dependence on time is negligible. Since we know that the
coefficient p is sufficiently small inside the human body, there exists a potential
function u such that

E=-Vu (2.3)
By taking the divergence of (2.2) and using (2.3), we get
div(vVu) = 0, (2.4)

where v = ¢ + iwe is called the admittivity of the body.
We want to perform some analysis on the boundary of the body  with data
of interest including the voltage u|aq and the current v%bg, where v is the unit

outer normal to the boundary J£2.

10



For each v € L>(S), and for every f € H'? we define the Dirichlet-to-
Neumann map A, via

(A f.g) = /Q \Vu- Vo,

where u is the unique solution of the admittivity equation such that
ulaq = f € HY*(09Q).

Also, A f will have values in the dual space of HY/?(Q), H~'/?((Q).

The mathematical model to interpret EIT measurements is known as the
inverse admittivity (conductivity) problem. Designing a practical algorithm for
EIT is hard because the partial differential equation used in this framework is
both nonlinear and ill-posed. Nonlinearity makes the mathematical solution for
the inverse problem of interest very difficult, and ill-posedness means that a small
error in the practical measurements may cause a large error in the reconstructed

image.
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Chapter 3

SOME UNIQUENESS AND
RECONSTRUCTION RESULTS IN TWO
DIMENSIONS |

The inverse conductivity problem has a rich history in dimension two. Most
results are for the inverse conductivity problem (neglecting permittivity).

The inverse conductivity problem was first introduced by A.P. Calderén in
1980 [Cal80]. He gave somc preliminary results for this inverse problem with
conductivities close to a constant. This works is in dimension n > 2. He really
faced this problem while working as an engineer in Argentina in the 1950’s.

Nachman in [Nac96] solved the inverse conductivity problem for o € W27(Q),
p > 1. Nachman’s work involved conductivities having two weak derivatives.
An important feature of Nachman’s proof is that it is constructive; it outlines
a direct method for solving ¢ without using iterative techniques such as least
squares minimization, lincarization, or laycr-stripping. He uscs the d-bar method
of inverse scattering to prove uniqueness and to give a reconstruction algorithm.
The reconstruction algorithm has been numerically implemented by Mueller and
Siltanen [SMI00] and [MS03] and other works have followed. There is also a recent

paper [IMNS04] with experimental data.
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Brown and Uhlmann in [BU97] only nceded to work with conductivities hav-
ing only one derivative and gave a positive answer to the uniqueness question for
conductivities in W1?(Q), p > 2. Brown and Uhlmann’s argument relied on scat-
tering theory that had been developed by Ablowitz and Fokas [AF84], Beals and
Coifman [BC88], and Sung [Sun94a], [Sun94b]|, [Sun94c]. Knudsen [Knu02| came
up with useful properties of the scattering transform and exponentially growing
solutions to the conductivity equations. Knudsen and Tamasan in [KT04] came
up with a reconstruction algorithm from the uniqueness proof in [BU97] for the
two dimensional inverse conductivity problem. Knudsen [Knu03] also did some
numerical work for the reconstruction algorithm.

The papers [Nac96] and [BU97] use similar ideas in solving the inverse conduc-
tivity problem; they look for special exponentially growing solutions to a certain
equation, and they used a d-bar equation. However they used different approaches
to get there. Nachman reduces the conductivity equation to a Schrédinger equa-
tion while Brown and Uhlmann transform the conductivity equation to a first order
elliptic system.

Astala and Paivirinta [APO06] solved the inverse conductivity problem in di-
mension two with ¢ € L*(2). Their proof also uses a d-bar equation. There is
also a reconstruction method from the uniqueness argument. There is no regularity
condition required on the boundary.

In 1999 E. Francini solved the inverse conductivity problem for v = o + iwe €
WhP(2) [Fra00], where w is small. Her work was the first major theoretical result
which solved the inverse admittivity problem involving both conductivity and per-
mittivity. However as we will see in chapter 5, there are no important and useful

symmetries properties involving the off-diagonal entries scattering transform since

13



a certain matrix potential is not Hermitian. We still get some useful properties
with this approach as we will see in chapter six.

A recent paper by Bukhgeim [Buk07] claims to have global uniqueness for the
Calderén problem with admittivity.

We will first briefly look at the inverse conductivity problem with o € W2?(Q),
o€ Wh(Q), and v € WP(Q). In all such inverse problems, the scattering trans-
form plays an important role in the reconstruction of o.

Next we will study the approach Brown and Uhlmann [BU97] used to solve
the inverse conductivity problem with o € W!?(Q). They approached this problem
by analyzing a certain first-order elliptic system. We will also briefly look at a
reconstruction algorithm by Knudsen [Knu02].

In section three of this chapter, we state Francini’s approach to solve the
inverse admittivity problem for a complex measurable function v = o + iwe €
WhP(Q2), the proof is very similar to that of [BU97]. We will see in chapters five
and six, Francini’s definition of the matrix potential has pros and cons.

We will complete this chapter by looking at another approach in which the
matrix potential is defined so that it is Hermitian. This definition leads to symme-
try properties with v = o +iwe € W?(Q). However we could not obtain a formula
connecting the associated scattering transform with the definition due to some
technical complications we will discuss in chapter six. As a result, a reconstruction

algorithm from that approach is incomplete.

3.1 TUniqueness and Reconstruction for ¢ € W2?(Q)

In [Nac96], Nachman proved the following classical result:

14



Theorem 1. Let ) be a bounded, simply connected, Lipschitz domain in R?. Let
01,00 € W2P(Q) for some p > 1, and have positive lower bounds. If A, = A,,,

then o1 = 0.

Nachman’s proof was constructive. It outlines a direct method for reconstruct-
ing the conductivity from knowledge of the D-N map.

Let’s briefly look at some important ideas used in for the reconstruction
method [Nac96].

The general inverse conductivity problem can be reduced to the case where
the conductivity ¢ = 1 near 0f2 in a nontrivial way by using analytic continuation
to extend o to be 1 in the neighborhood of the boundary of a larger domain €2,
[Nac96]. After proving this construction, Nachman assumes o = 1 in a neighbor-
hood of 0.

Throughout this section we may assume o € L(Q2) = {0 € L=(Q) : 0 >
0 and 0! € L*=(§2)}. We do assume additional smoothness on o. We also assume
that 0 < ¢ < ¢ for all z € Q.

The original approach in [Nac96] was to reduce the conductivity equation
V-0Vu = 0 to the Schrédinger equation (—A +¢)v = 0 where ¢ = 0~ /2Ac!/2. By
letting v = ¢/?u, one can show there is a 1-1 correspondence between solutions to
the conductivity equation and solutions to the Schrodinger equation.

The approach in [Nac96] is to seek solutions of the equation
(=A+q)¢(z,k) =0, xe R* ke C- {0} (3.1)

where k = k; + ik, € C is a complex parameter and ¥(z, k) ~ e** for large |k|

and large |z| in a certain sense. We associate x € R? with z; + iz2 and so this



is complex multiplication in the exponent. More precisely, we want ¥(z, k) to be

such that

p(z, k) = e *p(z, k), z € R%, k€ C - {0} (3.2)

with u(-, k) — 1 € W'?(R?), where p > 2. From [Nac96] we know there is a unique
solution 1 for every k if ¢ := 0~/2A¢1/%2. The exponentially growing solutions
1 to the Schrodinger equation are the key to the reconstruction and are known
as Faddeev solutions. Such solutions were introduced by Faddeev [Fad66] in the
context of mathematical physics.

The next lemma is an important result in [Nac96], the absence of exceptional

points.

Lemma 2. (/Nac96]) Let ¢ = o~2Ac*/?, with 0 € W2P(R?), 1 < p < 2. Then
for any k € C — {0} there exists ¥(-, k) such that

(=A+g)(x, k) =0, T R? (3.3)

with w(-, k) = ¥(-, k)e~** — 1 € WIP(R?), where % =

i
N+

The solution of the inverse conductivity problem is based on the scattering
transform
o) = [ etz ks, (3.4)
R2

where e;(z) = e'*=tk2) and the functions p are given by (3.2) with u(-, k) — 1 €
Wie(R?),

The transform t is nonlinear since in the integrand of (3.4) u depends on
q. Since p is asymptotically near to one for large |k|, t(k) behaves similarly to

the Fourier transform of g(x) evaluated at the point (—2k;,2k;) € R?, where |k|

16



is large. It can be shown that smoothness in q corresponds to decay in t and
symmetries in ¢ imply symmetries in t [MS03]. These claims will be made more
precise in scction 4.1.

Define a single-layer operator Sy by

(Sed) = /m Gl — 1)) duly). (3.5)

where the kernel Gy of S is defined by

Gk = eikmgk(l‘), -—AGk = (5, (36)
1 eim& . B
0e) = s | e (A - kbgc= b (37)

(G, is called the Faddeev Green’s function.

The function p in (3.2) is the unique solution of the Lippmann-Schwinger type
equation g = 1 — gg * (qu) with u — 1 € WHP(Q), and * denotes convolution.

Nachman shows the trace on 02 of the function (-, k) satisfies the integral

equation [Nac96]

V(- k)lan = e**lon — Sk(Ae — A)Y(-, k), (3.8)

k € C— {0}, A, is the voltage-to-current map when ) contains the conductivity
distribution and A; is the Dirichlet-to-Neumann map of the homogeneous con-
ductivity 1. The equation (3.8) is a Fredholm equation of the second kind and
uniquely solvable in H/2(9Q) for any k € C — {0} .

We will now briefly discuss what we meant by exceptional points for the

conductivity equation [Knu02]. Let V= {C*\ {0} : k- k = 0} , where k-k = k2+k3

17



is the real inner product. We look for exponentially growing solutions to the

Schrodinger equation
(=2 + q)(z, k) = 0, x € R? (3.9)

where 9(z, k) ~ €** as |z| — co.

The points £ € V in which there is no unique exponentially growing so-
lutions are called exceptional. As discussed in [Knu02], when the conductivity
o€ W2*(Q) and 0 = 1 in a neighborhood of 99, the solvability of the boundary
integral equation (3.8) is equivalent to £ not being exceptional.

As mentioned in [Knu02], the boundary integral equation (3.8) makes sense
for o € L(R2), provided o = 1 in a neighborhood of 9f2. We say k € Vis not
an exceptional point for ¢ if the boundary integral equation (3.8) has a unique
solution in H/2(€).

The following is from Theorem 2.4.10 of [Knu02]. Let 0 € L¥(2) and 0 =1
in a neighborhood of 9 and R*\Q. Then for k not exceptional, there is a solution
#(-, k) to the conductivity equation in R? with ¢(-, k)e ™ — 1 € L2(R?) where
-1<d<0.

We define exceptional points analogously for the admittivity case.

Although the scattering transform t is not a physically measurable function,
Nachman shows that it is related to the Dirichlet-to-Neumann map in the following

integral equation

tk) = / ex(z)(Ae — A))Y(x, k)du(x), (3.10)

a0
where 9 (x, k) satisfies equation (3.1). The scattering transform t(k) plays a key
role in recovering the conductivity from the map A,. Let’s briefly discuss why this

1s true.

18



Nachman [Nac96] shows the following d-bar equation holds

0 _ (k)
%,u(z,k)  drk

in a weighted Sobolev space W% = {Q+]-DV2few' P}, B>1/p, 1/p+1/p=

e—r(2)p(z, k) (3.11)

1/2 and (3.11) has a unique solution for all x.
Nachman shows that the unique solution of (3.11) satisfies the Fredholm in-

tegral equation of the second kind

_ 1 t(k/) N T NI ’
wlr, k) =1+ ) /R2 = k’)E’e_Z(k Y, k) dk  dks. (3.12)

The function p defined in (3.2) is important since Nachman shows the con-

ductivity ¢ can be reconstructed from

lim (=, k) = o?(x). (3.13)

The main idea of [Nac96] is finding t from the boundary measurements A,
and then determining ¢ from the knowledge of t.
In summary, the main steps of the reconstruction algorithm for conductivities

for o € W?P(Q1) are

(1) Compute the trace on 09 of the function (-, k) from the boundary data

using equation (3.8).
(2) Compute t(k) by (3.10).
(3) Solve the d equation (3.11) for u(z, k).

(4) Reconstruct o using equation (3.13).
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3.2 Uniqueness and Reconstruction for o € W!?(Q)

Nachman’s approach required essentially two derivatives when he converted
the conductivity equation into the Schrodinger equation. The classical 1996 paper
by Nachman soon was sharpened for conductivities in W1?(€2), p > 2 by Brown

and Uhlmann in 1997 [BU97]. The main result from this paper is

Theorem 3. Let ) be a bounded, simply connected, Lipschitz domain in R?. Let
01,00 € WYP(Q), p > 2, and have positive lower bounds. If A,, = A,,, then

gy = 09.

Let’s sketch out the main ideas used in this theorem. The key idea of the
proof of Theorem 2 is the following. Instead of reducing the conductivity equation
to the Schriodinger equation, it is reduced to a first order elliptic system.

Define the differential operators 0 and 0 by
1,0 .0 - 1,0 .0
=3 ) 9720

Let u € HY(S2) be a solution of the conductivity equation (1.1) and let
v _ 1/2 Qu
(2) o (22) -

(D -Q,) (Z) =0, (3.16)

9 (3.14)

It is easy to verify that

where the matrix potential ¢, and matrix operator D are defined by

(oG e



with ¢ = —%Blog o. By assumption ¢ € LP(), p > 2. This allowed Brown and
Uhlmann to work with only conductivities involving only one derivative since ¢ =
_9g!2

prvea

Similar to Nachman’s approach to use some scattering theory to solve the two-
dimensional inverse conductivity problem with essentially two derivatives, Brown
and Uhlmann [BU97] used a scattering theory for this first-order elliptic system to
solve the inverse conductivity problem with o € W1P(Q).

The scattering theory for this elliptic system was developed by Ablowitz and
Fokas [AF84], and Beals and Coifmann [BC88]. This method was used by Sung
[Sun94al, [Sun94b], [Sun94c] to study a nonlinear PDE. Sung has shown that a
scattering transform (to be defined below) for the elliptic system above could be
used to transform the Davey-Stewartson II system (a nonlinear system of PDEs in
2-D) into a linear evolution equation.

Brown and Uhlmann looked for a family of exponentially growing solutions
which solved (3.16) in the whole plane. We will now briefly discuss this idea. We

look for special solutions of the elliptic system

(D - Qa)w =0 (318)
of the form

eizk 0
o) =m0 (5 %), (3.19)
where M is a 2x2 matrix valued function which converges to the identity matrix I
as |z| — oo. We say that ¢ is a family of growing exponential solutions of (3.18).
We will call M the Jost matrix.

Typically we will require Q, € L?(R?) be Hermitian.
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Notice ¢ satisfies equation (3.18) if and only if M satisfies
(Di — Q,)M =0 in R?

where Dy, is the matrix operator defined by

_ 5(111 (5 - ik')alg
DkA o ((8 -+ ik)a21 8@22

and @), is the matrix potential.

The entries of (3.20) are given by
omi(z,k) = q(z)ma(z, k)
(0 +ik)yma(z, k) = q(z)mu(z,k)
(5 — ik)mlg(z, k) = q(z)ng(z, k)
Omags(z,k) = G(z)mia(z, k).

Some useful identities are

O+ tk)u = e_pO(epu)

(0 —ik)u = egpd(e_gu).

where e, = ex(+).

(3.20)

(3.21)

(3.26)

(3.27)

These identities follow from simple differentiation. Let us establish (3.26),

O(exu) = ud(eg) + erdu

= u(Pe¥krmi—kaz2)ye, 1 e Ay

u§ 81’1

1
= u(§(2zk1 + 2i2k2))6k + ekau

8.’132

= utkey + exou

= e, (0 + tk)u.

22

1,0 .. .0 ..
(=—(2i(k121 — kox2)) — i=——(2i(k121 — ko2)))er + exu

(3.28)



The following is a key result about uniqueness of the solution M(z,k) to the

equation (3.20).

Theorem 4. (Theorem 2.3 of [BU97]) Let Q € LP(R* M,), p > 2, be an off-
diagonal, hermitian, compactly supported matriz. Then for any k € C, the equation
(3.20) has a unique solution M(zk) with M(z, k) —1 € L"(R?), r > 2. Moreover,

for any r > 2p/(p — 2) we have
SupZGCHM(Zs') - ]HLT(RQ‘Mz) < C (329)
where C depends on p,r, Q).

The papers [BBRO1] and [Knu02] mentioned (without proof) that due to the

symmetry in Dy, and @), and the uniqueness of M(z,k), we have

mu(z, ]C) = mgz(z, k) » . (330)

and

mgl(z,k) = mlg(Z,k>. (331)

We will prove these relations hold for the complex case provided we extend the
definition of @), to be Hermitian, in chapter 6.

We will need the standard Cauchy transforms in chapter 5, denoted by 97!
and 07!

57 f(z) = 5 L0 4wy (3.32)
and
o fe) = 1 [ L) g, (3.33)

mJr2 2 —W

where du is the Lebesgue measure in R?
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Define the scattering transform S, (k) of the potential matrix @, by
So(k) = / e-i(z) 0 ) (QuMYH (2, k)du(z). (3.34)
T JR2 O -‘ek(Z)
Here (Q,M)°// denotes the off-diagonal part of Q, M.

A short calculation shows the scattering transform S, (k) can be written

_ 2 0 e *2q(2)yn(z, k)
So(k) = — /Rz (—eiﬁiq(z)wu(z,k) 0 >du(z) (3.35)

The following result allows us to recover M (z, k) from a d-bar equation, and

also gives us a relationship between M(z, k) and the scattering transform S, (k).

Theorem 5. (Theorem A (iv) of [BUY7]) Assume that the hypotheses hold as in
the Theorem 4. Then the scattering transform S,(k) € L*(R* M,). Moreover,
for each fired z € R?, the map k — M(z. k) is a differentiable map from C into

Lg(Rz, M) and we have the following d-bar equation
OkM (z,k) = M(z,k)Ex(2)S, (k) (3.36)

where O, is the standard complex differential operator with respect to k and

m = (%) )

The map Q, — S, is called the scattering map. The scattering transform S,
is the key object object in the solution of the inverse problem.

It was mentioned in [Knu02] that the non-physical scattering transform S, is
related to the Fourier transform of q for large k. In chapter 6, we will show that
this relationship is true in the complex case.

To solve the inverse conductivity problem for ¢ € W'P(Q) is to show A,

determines S, uniquely and that S, determines ¢ uniquely.
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In [BBRO1], the authors established several properties of the exponentially
growing solutions to the admittivity equation under certain conditions. In partic-
ular, they established a boundary integral that connects the off-diagonal entries
of the scattering transform S,(k) and the Dirichlet-to-Neumann map. Knudsen
and Tamasan in {KT04] came up with a reconstruction algorithm for the inverse
conductivity problem with ¢ € WP with p > 2 and 0 < § < 1, they used some
results of [BBRO1]. The reconstruction method uses the reduction of the conduc-
tivity equation to a first order elliptic system, and applying the d-bar method of
inverse scattering theory to this elliptic system. The key idea they developed was
coming up with an explicit method for the computation of the scattering transform
S, of the potential q in terms of A,. Knudsen and Tamasan work in the Sobolev
space W'teP which is slightly more restrictive than what the uniqueness proof
requircd. The remaining ideas of this section come from mostly [Knu02], but we
first need a key result from [BBRO1].

We will first use the idea of [BBRO1] to show that there is a relationship be-
tween the off-diagonal entries of the scattering transform S, (k) and the Dirichlet-
to-Neumann map using the exponentially growing solutions u(z, k) to the conduc-
tivity equation. The authors generalized the formula in Theorem 7 which was first
established by Alessandrini [Ale90], they also used some of the ideas of [Liu97].
We have included a sketch of the proof of this result since it plays a major role in
the reconstruction algorithm of ¢ € W1P(Q).

We will first need the following theorem from [BBR01]. We will prove some

analogous theorems for admittivities in W1?(R?) in chapter six.

Theorem 6. Suppose there is a constant C > 0 such that = < oy(z) < C for

every € . and o — 1 € WHP(R?) is compactly supported. If k € C— {0}, then



there is a unique solution u(Q,z, k) to the conductivity equation such that

e~ e u(Q, x, k) — zik e WIY(R?) forany 2<r7 < o0, (3.37)
RUQur k) — - = 0+ ) o (@ k) -1, (338)

and
e ™ *u(Q, x, k) — —1—) = o V2 (2)mn(Q, z, k). (3.39)

1k

We will need some more results and notations hefore we prove an important
theorem, these materials are coming from [BBRO1].
Remark: We assume there is a constant C' > 0 such that & < o;(z) < C

for every x € 2. In [BBRO1], they have shown that it is sufficient to look at the

case when o; = 1, %‘;; =0on 09, o — 1 € W'(R?) is compactly supported, and
o, € C1H(Q),i=1,2

We let ); be the potential matrices associated to the conductivities o,

(0 @
Qi~(@ 0)

where ¢; = —%6Iog a;. Note that in this case since ¢ is real, §; = —%alog o; =
—%5 log o;. Welet M(Q;, x, k) be the corresponding Jost matrices and let u(Q;, z, k)
be the solutions to the conductivity equation as in Theorem 6.
For convenience, we will rewrite (3.38) as
—ikx 1
e " u(Qi, 1, k) — = R(Q;.x, k) (3.40)
i
From (3.38) and (3.39), we get

Uf/gau(Qi,x,k‘) = eikwnlll(Qi,x,k), (3.41)
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ail/ggu(Q,-, z,k) = e*my (Qy, 7, k), (3.42)
Now we ready to state a key theorem and sketch the proof of it [BBR01].

Theorem 7. (Proposition 3.1 of [BBR01]) Let 0;, i = 1,2 be as the above remark
and k € C\ {0} Then

(So)er (k) — (Son)as () = = / UQu R ey = BeulQu. . W),

2
(3.43)

El I

where (Sy,)a1(k) and (Sy, )12 are the off-diagonal entries of the scattering transform

and u(Q;, x, k) are the exponentially growing solutions to the conductivity equations

corresponding to oy, © = 1,2. Moreover, we have

(S0)ar (k) = ‘T”T . R (A, — Ay Ju(-, k)du(x), (3.44)

Proof. Let’s first discuss some of the key steps to the proof.

Define
I= / O(u(Q1. z, —k)u(Qy, x, k))azl/gaoll/zdx
a (3.45)
- / 0(u(Q1, x, -—k)u(Qz, x, k)))Ull/ZéOQl/Zd(L‘.
0
We will sketch the argument in two steps. We will first show that Step 1:
1 - 1
I= E(Sm)zl(—k) + =(So3)21 (k).
k
Next we will prove that Step 2:
1 -
=5 [ QT R (A, — Ao )ul s, W),
2 Jan
Once we establish steps 1 and 2, we can conclude
™ = m 1 —
E(Snl)u(*k) + z(Sﬂz)m(k) =3 /Q w(Qr, z, —k) (Ao, — Mg )u(Q2, x, k)du(z).
a
(3.46)
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Now set g3 = o7 in §) and then

1

= (Se2(=k) = -

L (Soy)21(k). (3.47)

N =

We see that (3.46) and (3.47) will get us equation (3.43).

Step 1: Let ¢; = —%8log o; and @; = ——%5log 0;, t = 1,2 defined as usual.
Also, let us set M(Q;, z, k) be the standard Jost matrix asymptotic to I for large
|k| with respect to the potential matrix @Q;, i = 1,2.

From (3.41),(3.42) and (3.40), we can set [ = I; + I, where

1 -
I = - ik ex(z)mn(Q1, @, —k)CIl(x)@l/z(:”)dx
0

1

-7 k( Yma1(Qs, z, k)qr(z)o1 M (z)dx

(3.48)

zk ex(2)ma1 (Qr, 7, —k) R (x) o2 ? () da

1
+ T ex(z)mu(Qg, z, /C)ng(fl?)dll/?(l')dl'
Q

and

ex(2)mi1(Qh, T, —k)%(ff)azl/z(x)R(Q%ka)dx

D\

/Qe’“ Jmar(Qa, 7, k)g1 (@)or 2 (2) R(Qr, 2, —k)dz

(3.49)
+ ek m21 1, %, —k)QQ( ) 21/2($)R(Q2,1’,k‘)diﬂ

A
+ / ex(2)mas (Qa, 2, K)o (2)0, 2 (2) R(Qy, 2, —K)d,
Q

where R(Q;, x, k) is as (3.40), 1 = 1,2.
We will now show that

11=%(501>12(—15)+ (So,)a1(k) and I, =0

Pl

We know that

2 (Sl —F) =~ /Q ex (o) (@, 7 Ry ()
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and

ex(z)m11(Qq, x, k)go(x)dx.

SCQ

=

=

|
S

(Soz)21(k)

{_ /Q ex(2)mn Q7. k)i (x) (022 (x) — 1)dz
[ extolimn @z Bm(a)o (0]
{_/Q6’“(“3)””‘21(@2150’k)ql(x)allﬂ(x)dx

[ eul@)mn Qa2 K)ga(a) (02 2(x) ~ 1>dx].

e}

From (3.23) and (3.26), we have
Iex(z)mn (@, k)) = ex(z)q(z)mn(z, k).
So, we get
O(ex(2)mar(Qr, 7, —k)) = ex(x)qa(x)mn(Q, x, —k)

and

O({ex(x)ma (@2, 2, k)) = ex(2)q2(z)m1 (Qa, x, )

(3.50)

(3.51)

(3.52)

Substituting (3.51) and (3.52) back into (3.50), then use integration by parts,

and the fact o; = 1 on 99, force the last four integrals of (3.50) to vanish. Thus,

we get
-

]1 - E(Sm)lZ(_/%) + (502)21(k>'

> 3

(3.53)

We will now sketch the idea of why Iy = 0. Let J; be the i integral, i =

1,2,3,4 of I, in the natural order. Notice

/R2 Olex(z)ma1 (Q1, 7, ——k,)(le/Q(.r))R(Qg, r k)dr =Ji+ /3
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and
Bex(z)mar(Qe, 2, K)o PYR(Qr, z, —k)dz = Jo + Js (3.55)
RZ

Consider the open ball B, = B,(0). Then integration by parts gives

r—00

. z A
I = lim ( /a (@ e @) R@ 7, R

: (3.56)

_ ./ ;]mek(m)R(Qz,fv k)dp(z))
2B, 1%

where T is sufficiently large so that for each ¢ = 1,2 supp(c; — 1) C B,.

Then we consider the asymptotic expansion of the Jost matrices in (3.55).

From Proposition 2.18 of [Sun94a/,
(So)21(k)

2] +o(jz™")  aslz] — oo

M21(Q.x.k) =

and a similar result holds for my(z. k.)
To complete Step 1, we will bound the first integral of (3.56) using the Trace
Theorem and (3.40) as follows:

/ 2 mr (O, . ke (o) BIOT 7 —R)dp(z| < ) / R(Qy, 7, — k)| dualz)
8B, % r J&s,
N e —

(3.57)
where g > 2. The second integral of (3.56) can be treated similarly. Thus, we can
see that I, = 0. This completes Step 1. Next, we will sketch some of the ideas for
Step 2.

Step 2: Expand the derivatives in the integral I (3.45), use (3.41) and (3.42)
and substitute ¢; = ~%’11/2—2 back in the expression for I, we get after using integra-
tion by parts,

1=— | ol o} uQu . kil —Ridula)

) (3.58)
+/ 011/205/2H(Q1,m,—k)ﬁc’)u(Qg,m,k)du(m)
a0
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where we identify n = n; + in, as (91, 72) is the unit normal vector to 0. We will
let 7 be the unit tangent vector to 912, orthogonal to 1, So 7 = (12, —m) (we are
assuming counterclockwise motion on the contour)

Let 0, be the normal derivative and 0, be the tangential derivative. Then

= 1 1 1 1
o — — — d = — _—— . .
7o 28,7 + 28T and nod 28,, 287 (3.59)

By (3.59) and A, u = 0,0,u;, we get

1/2_____
I = / %EU(QIML', _k)AGQIU(QQa‘/L‘?k)d/‘L(w)
I}

Q o,

1/2
/ 22 w(Qa, 2, kYA, 0u(Qr, . —K)dp(w) (3.60)
an

01

D] =

1

2

+% / 0120} 20, (u(Qr, 7, —k))w(Qa, x, k)du(z).
o0

One can show the third term in the last expression vanishes. Using the fact that

A,, is self-adjoint, o; = 1 on 92 and %% =0, we get

1 -
I = 5 / U(Ql, X, ‘k)(Aal - Aa2)u(Q2,x7 k:)d’u,(g;) (361)
a0
We see that (3.44) follows from (3.46) -

The single layer potential Sk is a boundary integral operator defined by

Sef(2) = | fWG(z —y)du(y). (3.62)

a9
where G is the Faddeev Green’s function (3.6).
Theorem 8. (Theorem 3.5.3 of [Knu02]) Let o € WYP(Q)) for p > 2 and suppose

o =1 near 0Q. Then for any k € C — {0} the trace of the exponentially growing

solution u{-, k) on OS2 is the unique solution to

1
u(z, k) = =™ = Si(Ag — AJu( k), (3.63)
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k € C— {0}, A, is the voltage-to-current map when §0 contains the conductiv-
ity distribution o and Ay is the Dirichlet-to-Neumann map of the homogeneous

conductivity 1.

The boundary integral equation (3.63) is the first step of the reconstruction
algorithm.
Equation (3.36) is not a pseudoanalytic equation (see Appendix A), so we will

need the following result to show M(z, k) is uniquely determined.

Lemma 9. (Lemma 3.3.5 of [Knu02]) Define
Mi(Z,k) :mu(z,k):tmlg(z,/}), (364)

where z € Cis fized. Then the following d-bar equation holds

O M*(z,k) = £M*(2, k)e_«(2)Sa (k), (3.65)
where Sy (k) is an off diagonal entry of S,.
Proof. This follows from (3.30), (3.31), (3.36), (3.22) and (3.23). O

Equation (3.65) is a pseudoanalytic equation, and we can apply Liouville’s Theo-
rem for pseudoanalytic function, this theorem can be found in the appendix (see
Theorem 3.1.3 of [Knu02]) and conclude that (3.65) has at most one solution if
M*(z,k) — 1 € L"(R?), r > 2. So it follows that M(z,k) in (3.36) is uniquely
determined.

We can recover @ from S, (k) by using the following formula [BU97)

Qs(2) = 1 lim D M(z, k)du(k), (3.66)

T ko—o0 E
where B = {k : |k — ko| < p}.
Solving the inverse conductivity problem for ¢ € W'P(Q) leads to a recon-

struction algorithm. The following theorem is an important result of [Knu02].
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Theorem 10. (Theorem 3.4.1 of [Knu02]) Let Q be open, bounded and smooth,

and let ¢ € CY*¢(Q) for some € > 0. Then o can be reconstructed uniquely from

A,

There is slightly more regularity going on when o € C'*¢(Q)) compared to ¢ €
W1P(Q). This extra smoothness is needed only when solving the pseudoanalytic
cquation (3.65). Sec Appendix A for a discussion on C'*e.

Let M(z, k) be the unique solution to Dkl’q(z, k) = —QTM(z, k) and define
M*(z, k) as in (3.64). Then it turns out that M*(z, k) satifies the following d-bar
equation (3.38) of [Knu02]

O M*(2,k) = M* (2, k)e_(2)(S )1 (—K), (3.67)

where ]W*(z, k) is asymptotic to 1 for large || .
We can reconstruct M*(z,k} from S, (k). The conductivity ¢ then can be

recovered from the equation (3.37) of [Knu02]
o'/2(2) = Re(M*(z,0)). (3.68)

In summary, the main steps of the reconstruction algorithm for conductivities

for o € WteP(Q) arc
(1) Compute u on 99 using (3.63)
(2) Compute (S5)21(k) as in (3.44):
(3) Solve (3.67) for M+(z, k);

(4) Reconstruct o from (3.68).
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3.3 Uniqueness For v ¢ W!P(Q)

Francini came up with the first major result on the uniqueness of the inverse
admittivity problem [Fra00]. Numerical results existed prior to this. She proved an
analogous result of the uniqueness part of the inverse conductivity problem that
Brown and Uhlmann established when conductivity o € W'?(Q2). We will now
briefly discuss the result.

Let 2 be an open bounded domain in R? with Lipschitz boundary. Let v =
o + iwe, where o and € are measurable real-valued functions in 2 with ¢ bounded
away from zero and infinity, € is a small positive number.

We assume that there are two positive constants oy and E such that

o> oy in £, (3.69)

HU”WZ“’(Q) <E, HGHWZOO(Q) <FE (3.70)

and we can extend o and € to all of R? so that ¢ = 1 and ¢ = 0 outside a fixed
ball containing 2 [Fra00].

The main result of [Fra00] is the following theorem

Theorem 11. Let Q be an open bounded domain in R? with Lipschitz boundary.
Let o; and €; satisfy the conditions given in (3.69) and (3.70). Then there exists
a constant wg such that z'f"yj = 0; + we; for j=1,2 and w < wy and if A, = A

Y2

then v1 = 7s.

In this theorem, the imaginary part of + is assumed to be small.
Francini’s argument follows closely Brown and Uhlmann’s proof when the

conductivity ¢ € WP(Q). She modifies parts of the proofs which break down
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when ~ does not have real values and show that the method still works provided
the imaginary part of -y is small.

Define the matrix potential ¢, and matrix operator D by

- 0 ~301log v (D0
@ = <—%510g v o ) P=loa) (3.71)
Equivalently we can write —18log v = _67111//22 and —1dlog 7 = _57711//22

Throughout this section we will set

1
q=-50logy

and

~ 1-
q= —5810g .

_ (0 ¢
=7 8)

She looks for exponential growing solutions of the elliptic system

So that

(D-Q,)¥=0 (3.72)

of the form
eizk 0
Wiz k) = M(z. k) 0 e-ith ) (3.73)
where M is a 2 X 2 matrix valued function which converges to the identity matrix
I as |z| — co.
Let us specify the entries of the following matrix functions ¢(z, k) and M(z, k)
by

_ (Y2 k) 2z k)
Vlzk) = <w;1(z, k) "Pzz(zak))’ (374)
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and

min(z, k) mia(z,k)
M(z, k) = <m21(z,k) mzz(z’k%) (3.75)

respectively. Then we have for 1 = 1,2
mi(z, k) = Ui (2, k)e™™  and ma(z, k) = Yz, k)et?. (3.76)

An easy calculation shows that ¥ satisfies equation (3.72) if and only if M

satisfies

(Dx — Q)M =0 in R? (3.77)

where Dy is the matrix operator defined by

B 5(111 (5 - 'L'k)a12 i

DA = ((a +ik)as  Oags (3.78)
and @, is the matrix potential. The entries of (3.77) are given by
Omu(z, k) = q(2)ma(z,k) (3.79)
(0 +ik)mai(z, k) = q(z)mii(z, k) (3.80)
(0 —ik)mya(2, k) = q(2)maa(z, k) (3.81)
Omaa(z,k) = q(z)mia(z, k). (3.82)
Again, we get the following simple but useful identities:

(O+ik)u = e_gd(exu) (3.83)
(0 —ik)u = epde_gu). (3.84)

where e, = ex(-).

A key result in [Fra00] is the following theorem.
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Theorem 12. (Theorem 3.1 of [Fra00]) Let o and € satisfy the conditions given
in (3.69) and (3.70), respectively. Then there exists a constant wy such that for
every w < wy and k € C there is a unique solution M(z, k) to (3.77) satisfying the

condition

M(-, k) —I € LP(R®) for some p > 2.

This theorem is analogous to Theorem A parts (i) and (ii) of [BU97], but
Francini has to approach the proof of this theorem differently since (), is not
Hermitian. The map ¢, — M —1I is continuous with respect to the norm topologies
on LP(R?).

The matrix potential @, can be written as Q, = @, + iw@’, where

0, = 0 —%Bloga
7 \—~30logo 0

and

o = 1 0 edo — a0e
207 \€0o — g0 0 ’

To solve the problem

(D — Q)M = 0 in R?,
(3.85)
M(-, k) =1 € LP(R?), for somep > 2,

we look for solutions of the equation
(I-D;'Q)M =1

Francini shows that the operator I — D,ZIQ7 is invertible in a weighted Sobolev
space (see Lemma 3.2 of [Fra00]). Francini defines the scattering transform S, (k)

of the matrix potential Q, by

s == [ (HD 0 @antenme). e


file:///-/B/og

A short calculation shows the scattering transform S, (k) can be written

L 0 e~ q(2) (2, k)
Sy(k) = - /RZ (—eikga(z)’lf}u(z,k) 0 >dﬂ(z)- (3.87)

The following equivalent form of S, (k) will also be use later on
i 0 q(z)e_g(z)maa(z, k))
Sy(k) == ~ d . 3.88
0= [ (Camammer TERNCES
A major result of [Fra00] is the following theorem.

Theorem 13. (Theorem 4.1 of [Fra00]) Let o and ¢ be as (3.69) and (3.70),
respectively. Let M be as Theorem 12. Then the map k — M(-, k) is differentiable

as a map into Liﬁ(R2, M,), and satisfies the d-bar equation
OxM(z,k) = M(z,k)Ei(2)S, (k) (3.89)
where O is the standard complex differential operator with respect to k and
Bulz) = (QE(()Z) e-x?(Z)) '
Moreover for every p > 2, there exists a K > 0 such that
sup |M(2,) = 1 sy < K,
where K depends on the constants E, oy and p.

The proof of this theorem is identical to Theorem A part (iv) of [BU97| since
it does not use the assumption that o has to be real. The scattering transform S,

is related to the scattering transform S, in the following simple way:
S, (kY = S, (k) + wS'(k), (3.90)

where S'(k) = 1(S, (k) — S,(k)). The form of S'(k) is
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sw-= [ (“H7 ) Z>) (Qu My + i@ MY (2, K)dp(2).

™ e—k(

Francini proved the following theorem [Fra00] for the recovery of Q..

Theorem 14. (Theorem 6.2 of [Fra00]) For any p > 0,

Qufz) = Jim w(By)™ [ Di(z. k().

ko—»oo

where E = {k : |k — ko| < p}.

In chapter six, we will establish some properties involving exponentially grow-
ing solutions that we believe will be use for a reconstruction algorithm for v €
WP(Q) following the ideas of several papers for the the reconstruction of o €

W1P(Q), from the Dirichlet-to-Neumann map.

3.4 Another Approach to v € W?(Q)

In the previous section, we sketched the ideas Francini used for an analogous
result of the uniqueness part of the inverse conductivity problem that Brown and
Uhlmann established when conductivity o € W?(Q). In [Sun94a] and [BBRO1],
the scattering method was used to analyze the first order elliptic system hold
with hermitic condition on the off-diagonal entries for the matrix potential. More
precisely, the idea of this approach is to solve a more general first order elliptic

system with the matrix potential ), replaced by a Hermitian matrix R, given by

R= (2 g) . (3.91)

The potential matrix ¢, in (3.71) is not Hermitian and we end up not hav-

ing any symmetries in the entries of M(z, k) and the off-diagonal entries of the
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scattering transform S, (k). In this section, we will definc a @), that preserves the
uniqueness of the inverse admittivity problem and also gives us some symmetry
relations as we will see in chapter five.

Let 2 be an open bounded domain in R? with Lipschitz boundary. Let v =
o + iwe, where ¢ and € are measurable real-valued functions in 2 with ¢ bounded
away from zero and infinity, € is a small positive number.

We assume that there are positive constants such similar bounds as (3.69) and
(3.70) hold.

We can extend o and ¢ to all of R? so that 0 = 1 and ¢ = 0 outside a fixed
ball containing €2 using an argument similar to [Fra00].

All the major results of [Fra00] will hold provided the imaginary part is as-

sumed to be small.

Theorem 15. Let ) be an open bounded domain in R? with Lipschitz boundary.
Let o and €; satisfy the conditions given in (3.69) and (3.70). Then there exists
a constant wy such that if v; = o5 + iwe; for j=1,2 and w < wy and if A, = A,

then v, = ¥s.

Define the matrix potential (), and matrix operator D by

Q, = (g g) , D= (g g) . (3.92)

where ¢ = —19log v and § = —19log #.

. . . . a.1/2
We can see that (), is Hermitian. Equivalently we can write ¢ = —Q%/— and
Y
_ 5—1/2

Throughout this section we will consistently set

1
q= —5510g Y
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and

We looks for exponential growing solutions of the elliptic system

(D-Q)v=0 (3.93)

of the form

Wiz, k) = M(z2. k) <€Zk _(Zik> , (3.94)

e
where M is a 2 x 2 matrix valued function which converges to the identity matrix
I as |z| — 0.

Let us set the following matrix functions ¥(z, k) and M(z, k) by

_ vn(z k) vz k) '
via k) = (wﬂ(z,k) wm(z,k))’ (395)
and
. mll(z. k‘) mlg(Z, k)
M(z, k) = (mgl(z, k) moa(z, k),) (3.96)
respectively.

So we have for ¢ = 1,2
mi(z, k) = ¥ (z, k)e'ikz and  ma(z, k) = ¥ia(z, k)e’ki. (3.97)

A trivial calculation shows that v satisfies equation (3.93) if and only if M
satisfies

(Dy — Q)M =0, in R? (3.98)

where Dy, is the matrix operator defined by

. 5(111 (5 — z'k)a12
DkA o <(8 + ik)a21 8(122 (399)
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and @, is the matrix potential.

The entries of 3.98 are given by

omn(z, k) = q(z)ma(z,k) (3.100)
8+ ik)mar(z,k) = G(z)mn(z k) (3.101)
(0 —ikYmaz(z, k) = q(2)maa(z, k) (3.102)
Omaa(z, k) = q(z)ma(z, k). (3.103)

Again, we get the following simple but useful identities:

(@+ik)u = e_r0(exu) (3.104)

(0 —ik)u = egpd(e_gu). (3.105)
where e, = ex(-).
Define the scattering transform S, (k) of the matrix potential Q. by

sh=1 [ (‘*"g}z) 0 >) (@MY (2. k)du(2). (3.106)

—ek(z

A short calculation shows the scattering transform S, (k) can be written

_ L 0 e~ *2q(2) g (2, k)
S’y(k) - ~/112 (__ez'ksq(z)wu(z’ /{Z) 0 > d/J(Z). (3.107)

7r
The following equivalent form of S, (k) will also be use later on

i 0 a(2e_gma(z )
S, (k) = = /R 2 (_q(z)ek(z)mn B . >d,u( ). (3.108)

Again, we get a similar d-bar equation as in (3.89).
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Chapter 4

THE SCATTERING TRANSFORM USED IN
THE INVERSE CONDUCTIVITY PROBLEM

Earlier we saw that both the inverse and the direct scattering transforms
are key ingredients in solving the inverse admittivity (conductivity) problem for
conductivities in the Sobolev spaces W*P(Q) with k£ = 1,2 and for admittivities in
WhP(Q).

It is important to understand the behaviors of the non-physical scattering
transform t(k) for both large and small values of |k| since they play a role in
the numerical solutions of the d-bar equation [SMI00]. Other properties of the
scattering transform such as symmetry properties also are important. In this
section we will discuss the known properties of the scattering transforms t(k) and
Sy (k).

Nachman shows that t(k) is approximately the Fourier transform of q for large
|k| . However, there are some qualitative similaries between t(k) and the Fourier
transform of the potential q. Nachman also came up with some estimates for t(k)
when |k| is small and large. Siltanen [Sil99] improved the bounds for t(k) when
|k| is small and large. Siltanen came up with several symmetry propertics between

conductivity o and t(k). Siltanen shows (roughly) that

(1) t(k) is radial if and only if o is radial
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(2) Dilating the conductivity o(Ax) for any A > 0 corresponds to dilating the

scattering transform by t(k/\);

(3) Reflectional symmetry in the conductivity o corresponds to reflectional sym-

metry in t(k);

(4) Translating the conductivity o corresponds to multiplication of t(k) by a

certain exponential function of modulus one.

There are few known properties for the scattering transform S, (k). However
Knudsen [Knu02] and J. Barceld, T. Barcelé and Ruiz [BBRO1] proved some prop-
erties of the scattering transform S, (k).

In section 4.1, we will discuss some of the properties of the non-physical scat-
tering transform t(k) that Nachman [Nac96] and Siltanen [Sil99] have derived. In
section 4.2 we will briefly discuss the known properties of S,(k) that Knudsen

[Knu02] and J. Barcel6, T. Barcelé and Ruiz [BBRO1].

4.1 Properties of the Scattering Transform t(k)

In this section we will discuss some properties of the scattering transform t(k).

In two dimensions, one can show that if (roughly) the potential g comes from
a conductivity o, then there are no exceptional points [Nac96]. That is, there exist
exponentially growing solutions v¥(z, k), for all k € C — (0) which satisfy (3.1). So
we can define the non-physical scattering transform t(k) = [ ex(2)q(2)¥(z, k)dz,
ke C-{0}.

Nachman shows that for large |k| t(k) is approximately the Fourier transform

of the potential ¢ = 0=Y2A¢'/2, There are some qualitative similarities between
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t(k) and the Fourier transform of the potential q. Nachman also proved some esti-
mates for t(k) when |k| is small and large. Let us briefly discuss these properties.

Nachman [Nac96] proved that for some s € (—1,0) and large |k|,
(k1 k) — G(~241. 2ky)] < CkJ?

for some constant C. That is, t(k) is approximately the Fourier transform of q
evaluated at the point (—2ki, 2k;) € R? for large |k|. Nachman also showed that
t(k) is continuous outside the origin.

Siltanen proved an estimate of t(k) for large |k| which is a consequence of the

smoothness of o.

Theorem 16. (Theorem 3.18 of [Sil99]) Let  C R? be a bounded simply connected
C*® domain. Let 0 € C**™(Q), m > 1, have a positive lower bound and assume
o =1 near 9. Define ¢ = 0=2Ac"/? and t(k) be given as in (3.4). Then there

ezists a constant C such that |t(k)| < Clk|™™ for large |k|.
Siltancn also sharpened the estimate of t(k) when k is small.

Theorem 17. (Theorem 3.18 of [Sil99]) Let Q C R? be a bounded simply connected
C> domain. Let 0 € W?P(), 1 < p < 2, m > 1, have a positive lower bound and
assume o =1 near 0S). Let t(k) be given as in (3.4). Then there exists a constant

C such that [t(k)| < Clk|™** for small |k| and for all 0 < e < 2/p'.

We will now discuss some of the symmetry properties between the scattering

transform t(k) and the conductivity o € W2P(Q).

Theorem 18. (Theorem 3.19 of [Sil99]) Let ) C R? be a bounded simply connected

C> domain. Let o; € C? have a positive lower bound and satisfy o; — 1 € C(Q)



fori=1,2. Setq; = a[l/ZAcril/Q and denote by t; the non-physical scattering trans-
forms correponding to g;.
Let 9 € R, A > 0 and ©’ € R?; denote 29 := €"(2 + izy) for any z € R2.

Then the following four equivalences hold:
(1) o3(z) = o1(z_g) V& € R? & ta(k) = t1(ks) V k € C;

(2) O'Q(ZL') = 0'1()\3’)) VzeR? & tz(/ﬂ) = tl(/\_lk) VkeC;

(3) oa(x) =01(z_z) Vo € R? & ty(k) = t1(k) V k € C;
(4) o2(x) =o1(x —2') Vx € R* & ta(k) = er(2')t1 (k) V k € C.
Mueller and Siltanen {MS03] establish the following result.

Theorem 19. Assume that t;(k)/k € LP(R?) for all p € (2~ ¢,2 + €) for some
e > 0 and j=1,2. Let o; € C(R?) be given by the d inversion from the function
t; as described in theorem 4.1 of [Nac96]. Let ¥ € R, A > 0 and ' € R?; denote
z9 = e (2 + iz) for any z € R2.

(]) tz(k‘) = tl(kﬁg) VkeC = 02(27) = 0'1(3719) Ve RZ;

(2) ta(k) =t1(A\k) V k€ C = 0y(x) = oy(\x) ¥V z € R?;

(3) ta(k) =t1(k) V k € C; = 03(x) = o1(z_3z) V z € R

(1) ta(k) = ex(z')t1 (k) ¥V k € C = oy(z) = oy(z — 2') V¥ = € R
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4.2 Properties of the Scattering Transform for the First Order Elliptic
System
There is a well developed theory behind the scattering transform t(k), but
there is not much known about the scattering transform S,(k) in the real case.
We will now briefly discuss the known properties of S,(k) and some of its off-
diagmonal cntries .
Let’s recall that we consider the scattering transform S, (k) for the first order

elliptic system in the plane given by

(5 5)-( ape=o @)
where S, (k) is given as

1 0 e R q(2) (2, k)
Sn(k) - ; </R2 (—e“—“fcj(z)w“(z, k)) 0 2 ) dlt(z) (4.2)

One beautiful result of the scattering theory as developed by Beals and Coif-
man [BC88] is a version of the nonlinear Plancherel identity relating the scattering

data S, (k) and the matrix potential @,

[ 1Qotdu = [ 15 d (43)

where @), = Q7.

This identity (4.3) does not imply the continuity of the map @, — S, since
the map is nonlinear. This identity was used in the proof of the uniqueness problem
when conductivity o € W1P(Q).

J. Barcelé, T. Barcelé and Ruiz [BBRO1] have established continuity of the

map @, — S, when the matrix potential @, is Holder continuous and compactly
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supported. This was a positive step forward in establishing the continuous depen-
dence of the conductivity ¢ € WP(Q2) on the Dirichlet-to-Neumann map A,.

Brown [Bro01] proved some L? cstimates for the scattering transform S, (k)
in two dimensions. The key result from this paper is that the scattering map
Q, — S, is Lipschitz continuous on a neighborhood of zero in L?, where Q, is
small.

Let (S, )12(k) and (S,)21(k) be the off diagonal entries of the scattering trans-
form S, (k). In [BBRO1], the authors mention that since we have (3.31) and @, is
Hermitian, (S,)12(k) = (S,)21(k).

Knudsen and Tamasan [KT04] proved that if E;(k) is the scattering transform
of § = —q, then S, (k) = S, (—k).

Knudsen [Knu02] proves the following result which is analogous to the result
that radial symmetry in the conductivity implies symmetry in the scattering trans-

form t(k) (Theorem 18). Let 0 € WP(Q), p > 2 and assume o(z) = o(ez) for

some angle 8. Then
e(S5)21 (k) = (S;)n (k) and e (S,)12(ek) = (Sor2(k). (4.4)

The following properties of the scattering transform S, (k) are stated as Propo-
sition 4.2 [Fra00], and they were proved by Sung [Sun94b]:

If lloflyr.00(q) < E for some positive constant E, then
S,(k) € L*(R*) n L>(R?)
and if there exists a constant F such that ||o |y 2.0 q) < £, then

kS, € L*(R*) N L*=(R3).
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Francini proves the following result (see Lemma 4.3 of [Fra00}) : Let S’ be as

in (3.90). Then there is a constant C such that
SupkER2,kS/(k)l S C

for every w < wp.
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Chapter 5

SOME NEW PROPERTIES OF THE
SCATTERING TRANSFORM S, (K)

In this chapter, we will discuss several new properties of the two-dimensional
scattering transform S, (k) used in the first order elliptic system for the admittivity
case.

Throughout this chapter, we are using the potential matrix (), as defined in

(3.92) unless we stated otherwise. Recall that

1 12
q= —Ealog v and §= —Eé?log .

Francini’s definition of (., as defined in (3.71) will not lead to any symmetries
between the entries of the Jost matrix M (z, k), and thus, there won’t be symmetries
between the off-diagonal entries of the scattering transform S, (k) since Q. is not
Hermitian.

As we have seen, when the conductivity ¢ € W#?(Q), the scattering trans-
form t(k) plays a major role in solving the inverse conductivity problem. In this
context, Nachman [Nac96] and Siltanen [Sil99] have developed some properties
for the scattering transform t. Moreover, applications of the properties of t in-
clude verification of numerical results of the reconstruction algorithm, reduction

of computation time and derivation of approximations [SMI00] and [MS03].



We have also seen that the scattering transform S, (k) used by Brown and
Uhlmann [BU97] was used in the argument to solve the inverse problem for o €
W1P(Q). It relies on scattering theory that had been developed earlier by Beals and
Coifman [BC88] and Sung [Sun94a], [Sun94b], [Sun94c]. Knudsen [Knu02}, Brown
[Bro01], J. Barcels, T. Barcelé and Ruiz [BBRO1] established some properties
for the scattering transform S, (k). Knudsen and Tamasan [KT04] and [Knu02],
came up with a reconstruction algorithm with conductivity ¢ in the Sobolev space
WiTer(Q) with p > 2 and 0 < e < 1.

Francini [Fra00] used some properties for the scattering transform S, (k), which
played a role in solving the inverse admittivity problem with v € W?({2). These
properties of the scattering transform S, (k) were proved by Sung [Sun94b].

The scattering transform S,(k) which appears in the d-bar equation is an
off-diagonal matrix valued function.

The properties of the two dimensional scattering transform S.,(k) that we
establish are important from the point of view of numerical work that others in
this area can use. More precisely, applications of new properties of the non-physical

scattering transform S, (k) include:
(1) Verification of numerical results of the reconstruction algorithm;
(2) Reduction of computation;
(3) Derivation of approximations;
(4) Use in the evolution equations.

In the first section we will show that the non-physical scattering transform
S, (k) is related to the Fourier transform of ¢ = —18log~y = —8771—1/22. for large |k|.

This will holds if we use either (3.71) or (3.92) for Q,.



We will prove that if @, is defined as in (3.92), then we get the following

symmetries among the entries of the Jost matrix M(z, k),

mu(z,k) :mgz(z,/;') -mlg(Z,k) :mgl(z,k).

Next we will establish several symmetry properties of the off diagonal entries
of S, (k).

More precisely, we will show that if the @ is as defined in (3.92), then
(Sohz(k) = (Sy)a1(k),
We will also show that the following identitities hold
(Sy)21(e”k) = e 7(Sy)a1(k) and (S,)12(e’k) = €(S;)12(k)

under certain conditions. These identities will hold if we use () as defined as in

(3.92).

5.1 The Scattering Transform S,(k) Behaves Like a Fourier Transform
of q

Nachman shows that for large |k| t(k) is approximately the Fourier transform
of the potential ¢ = 0~/2Ac1/2.

In this section, we will see that the scattering transform S, (k) bchaves like
the Fourier transform of ¢ for large |k|. This will holds regardless if @), is as defined
in (3.71) or (3.92). We will prove it for the case if @, is as (3.92).

Let us recall that we define ¢ = ——%c‘ﬂog v. and ¢ = —%glog .

Also recall that the scattering transform S, (k) is defined by

i

_ i 0 e *2q(2) a2, k) s
Sh(k) = m /R? (‘eisz(ZWn(Z,k) 0 ) du(z). (5:1)



Also, let us recall that

eikz 0
s - () 5.2
for large |k|.
It follows that for large |k|,
i kz+kz)
S’Y(k) - ; c < kz+k:z ) d/j’
7 ~1(kz+lcz
- ;/ ( z(kz+kz ) dﬂ’
c (5.3)
7 —21Re(lcz)
- ;L( 21Re(kz )
Z’ (2k1 2k2) 21, Zz)q( )
- ;/C ( —l( 2k, ng (=1, zz)q( ) 0 dlu’(z)’
Thus, for large |&|
. O qA(lev 2k2)
S (k) 24 <_§(_2/€1, 2%ky) 0 (5.4)

That is, S, (k) is related to the Fourier transform q for large ||.
So we can expect some properties of the Fourier transform of q to carry over

for S, (k) for large |k|.

5.2 Some Symmetry Properties of Off-Diagonal Entries Of The Scat-
tering Transform S, (k)

In Nachman’s case, if we have symmetries in the scattering transform then we
have symmetries in the conductivity [MS03].
In this section we will show that there are some symmetry properties between

(Sy)12(k) and (S,)21(k), the off-diagonal entries of the scattering transform S, (k).



Let (Sy)12(k) and (S,)21(k) be the off diagonal entries of the scattering trans-
form S, (k). In [BBRO1], the authors mention that since we have the uniqueness of

M(z, k) and there are certain symmetry relations of the entries of M(z, k), we get
(SG)IQ(k) = (50)21(];)-

We will first establish that there are indeed symmetry relations for the entries
of M(z,k). First, we will need to recall the following result. Let v(z) = o(z) +
iwe(z) € WHP(Q) where the W?(Q) norms of o and ¢ are bounded. Then there is
a unique solution M (z, k) to (3.98) such that M (-, k) —1I € LP(R?) for some p > 2.

Throughout this section, we will consistently use the following definitions of
q and q. Let ¢ = —30log 7, and g will denotes the complex conjugate of g.

Before we establish a key lemma that allows us to discuss symmetry proper-
ties of the off-diagonal entries of the scattering transform S, (k), we will need the
following equalities which were mentioned in section 4.3, but are restated here for

convenience. The entries of (3.98) are given by

Omu(z, k) = q(z)ma(z,k) (5.5)
(0 + ik)ma (2, k) = q(z)mai(z, k) (5.6)
(0 —ik)mig(z, k) = q(2)maa(z, k) (5.7)
Omp(z, k) = qlz)mulz, k). (5.8)

and the following simple, but useful identities

(@+ik)u = e_x0(exu) (5.9)

(0 —ik)u = egd(e_gu). (5.10)

where e = eg(-).



Let us recall the Cauchy transforms, denoted by 8! and 07!

Y 10 PR LI

™ R2Z_w

and

o7y =2 [ L ),

T JRe 2 — W

where dy is the Lebesgue measure in R?

(5.11)

(5.12)

We will now establish an important lemma that enables us to establish sev-

eral symmetry propertics of the off-diagonal entrics (S, )12(k) and (S, )21(k) of the

scattering transform S, (k).

Lemma 20. Let y(z) = o(z) +ie(z) € WPP(Q), where o and ¢ satisfy (3.69) and

(3.70). Then we have the following identities,

mi(z, k) = moa(2,k)  and  maoy(2,k) = mya(z, k).

Proof. By (5.9),

(0 + tkYymar(z, k) = e_p(x)0(ex(z)mar (z, k)).

So from (5.13) and (5.6) we get

O(ex(x)mar(z, k) = ex(x)q(x)my1 (2, k).
We can solve for my;(z, k) in (5.5) using (5.11), we get

mi(z, k) = —1—/ _______Q(Z)Trnm(j, k) dzy dzy.
T Jc e

We can solve for mo(z, k) in (5.14) using (5.12), we get

m/?l(zv k) =

T r—z

Ct
(&1

e_k(ib) / ek(z)Q(Z)mll(z’ k) dzy dzo
; —

(5.13)

(5.14)

(5.15)

(5.16)



Substituting (5.16) into (5.15) yields

ma (@, k) = = /C e-r(2)q(2) /C ek(&)é(?ing(&,k) déydéydzidz  (5.17)

w2 T —z

Thus, from (5.17) we get

mu(e. k) = — /C e-1(2)4(z) /C e”“@)q(f)m”(&’k) dey déydoydzy (5.18)

T—2z —¢£

From (5.10), we get
(0 — ik)myy(z, k) = eg(x)0(e_p(x)miz(z, k) = q(x)maga(z, k) (5.19)

Similarly, solving for mas(z, k) from (5.8) and miq(x, k) from (5.19), we get

77’1122(.’13,]6) = l/m(i—k—)dzl ({22 (520)
C

m r— =z

and

mlz(SL’, k‘) =

ex(z) / e_g(2)q(z)mas(z, k) dzy dzs. (5.21)
C

Ui r—z

Substituting (5.21) into (5.20) yield

o) = = [ SO [ R OAOImAER) g o,

e T-2 2=¢ (5.22)
1 [ ea(@4e) [ a@a©mn(E k) |
= p - P /c; z—f dfl d§2d21 ng.

Thus, by the uniqueness of M(z, k), equations (5.18) and (5.22), we have

mi1(z, k) = moy(z, k). By a similar argument, mg; (2, k) = mia(2, k). O

From Lemma 20, we can show a symmetry property for the off-diagonal cntries

of the scattering transform S, (k).



Corollary 21. Let v(z) = o(z) + ie(z), where o and € satisfy (3.69) and (3.70).
Let (S,)12(k) and (Sy)21(k) be the off-diagonal entries of the scattem'ﬁg transform
S, (k). Then

(Sy)rz(k) = (Sy)ar (k).

Proof. Let (S,)12(k) and (S;)21(k) be the off-diagonal entries of the scattering

transform

_ 0 q(z)e_g(z)maa(z, k) (s
s =1 [ (_q@)ek(z)mu(z, g 1) )dm )

Then it follows by Lemma (20)

—1i

Tt = /C =)o 1@ mm(e k) du(z),

= = [ a@ex(mun e By duce), (5.23)
= (Sw)21(7%)'
d

We will next prove that if v € W1P(Q), then radial symmetry in the admit-
tivity v € WHP(Q) implics symmetry in the scattering transform S.,. We will first

need a simple lemma.

Lemma 22. Let v(z) = o(2) +iwe(z) € WIP(Q), where o and € satisfy (3.69) and
(3.70). Then (57/)11)(2, k) = q(x)ai(z, k) and (0¢a1)(2, k) = q(2)¥11(z, k).

Proof. We know from (5.6) the d-bar relation (9 + ik)mo;(z, k) = g(x)mi1(z, k)
and from (5.9) (0 + ik)mai(z, k) = e_g(2)0(e.(x)ma1(z, k)). Thus,

d(ex(2)mor(z,k)) = er(2)d(z)mi1(z. k). (5.24)



It follows from (5.24) and (3.76) that
Oer(2)e ™ Pn (2, k) = ex(2)q(@)vn (2, k)e . (5.25)

Equivalently, we rewrite (5.25) as

O™ P, (2, k)) = G2 00 (2, k). (5.26)

Since

(e (2, k) = (0(e")) (2, k) + ' (1) (2, k) (5.27)
and Oe** = 0, we get the following
(0¥21)(2, k) = ()Y (2, k) (5.28)
Similarly, (9v11)(z, k) = q(2)¥a1(2, k). O
The following proposition is motivated by Knudsen [Knu02]

Proposition 23. Let v(z) = o(2) +iwe(z) € WIP(Q), with p > 2 and let o and ¢
satisfy (3.69) and (3.70). If v(z) = v(e®2) for some angle §. Then

Sa1(ek) = €75y, (k) and S1a(ek) = €? S5 (k). (5.29)

Proof. Since y(z) = v(e?2), we have

) M)y .
q(z) = — ST T Ay © °q(e2). (5.30)

Note that
51/)11(6i92, ]{I) =6_i6(5'l/)11)(6i02, k‘),
= e_wq(ewz)wgl (eiez, k), (5.31)

— e—Zqu(z>w2l (eiBZ’ k)



The three previous cqualities came from the Chain Rule, Lemma 22, and (5.30),

respectively. It is easy to see that (2, €?%k) satisties the previous d-bar equation.

By similar reasonings, we get

e Py (€2, k) =e (g1 ) (e 2, k),

Observe that 19 (2, k) also satisties the previous d-bar equation.

Thus we may conclude

- €~i0q—(6wz)¢11(€i02, k’),

= §(2)n(e”2, k)

from Theorem (12) that

mu(eiez, k) =my(z, e%k) and mo (2, k) = emmgl(z, k)

Thus, by (5.30), (5.33)

eiBS21<ei0 k) —

By a similar argument,

and making a change of variable, we get

- eG(2)e(z, Pk)may (2, €k) du(z)

7T. C
_—_Z/ e 9q(2)e(z, ePk)mi1(z, k) du(z)
7r' C
:7r_Z /c q(e®z)e(e?z, kyma (2, €%k) du(z)
; q(w)e(w, k)ymyy (w, k) du(w)

c

Sa (k)

Sm((imlﬁ) = (iwslg(k)
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Chapter 6

SOME PROPERTIES OF THE
RECONSTRUCTION ALGORITHM

In this chapter, we will discuss some new results that we believe that will
lead to an algorithm for reconstructing v = ¢ + iwe € W'?(Q), p > 2 from the
Dirichlet-to-Neumann map. Throughout we will be using Francini’s definition of
Q. and we will set ¢ = —39log v and § = —10log 7.

We will show the existence of exponentially growing solutions (complex geo-
metrical optics solutions) to the admittivity equation (1.1), but we will also show
such solutions are unique under certain conditions. We have already that these
central objects play a major role in the reconstruction algorithm of o € W1P({),
see section 3.2. We will see in this chapter that there are properties involving the
exponentially growing solutions to the admittivity equation with v € W?(Q). In
particular, we show that these exponentially growing solutions satisfy a certain
boundary integral equation similar to (3.8). We will also discuss briefly some ideas
towards the construction a boundary integral equation that involves off-diagonal
entries of the scattering transform S, (k) and the Dirichlet-to-Neumann map.

The properties that we will list in the next two sections should play a key
role in the reconstruction algorithm from the Dirichlet-to-Neumann map of v €
WP(Q), p > 2. The reconstruction algorithm proposed here for the admittivity

~v € WHP(Q) consists of the following steps:
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(1) Compute the trace on 9 of the exponentially growing solutions to the ad-

mittivity equation from the boundary data.
(2) Compute the scattering transform.
(3) Solve a 0 equation, in the variable k for the exponentially growing solutions.

(4) Reconstruct admittivity using an appropriate equation that relates Q. to the

exponentially growing solutions to the admittivity equation.

Francini’s work provides the 0 equation needed in step (3) and an equation
relating 2, to the exponentially growing solutions, needed for step (4). The defi-
nition of the scattering transform requires knowledge of S, which is not possible
in the inverse problem. In section 6.3, we will derive an equation relating the
scattering transform to the boundary data through the trace to the boundary of
the exponentially growing solutions 1. In turn we require knowledge of the trace
of 1 on 02, and we derive an equation for that as well in section 6.2.

The chapter is outline as follows. In section 6.1, we will discuss some properties
of the exponentially growing solutions to the admittivity equation that will be
useful in later section for the reconstruction algorithm of ~. In section 6.2, we
derive an important boundary integral equation that is very similar (3.8) and is
a key step in the reconstruction algorithm. In section 6.3, we discuss some ideas
that we think will lead to a boundary integral equation similar to (3.43) in the
near future. In section 6.4, we will briefly mention how can we proceed with steps

(3) and (4) using the work of Francini.
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6.1 Uniqueness of a Certain Exponentially Growing Solution

We will need first need some results of Nachman and Francini before we es-
tablish a connection of the uniquencss of a certain exponentially growing solution
to the admittivity equation (1.1) analogous to Theorem 6. This result will be
used later in this section for establishing a boundary integral equation involving a

certain exponentially growing solution to the admittivity equation.

Theorem 24. (part of Theorem 4.1 of [Fra00]) Let v(z) = o(z) + i€(2), where o
and € satisfy (3.69) and (3.70), respectively. Then there exists a K > 0 such that
for allz € C, sup||M(z,") — I|| pgay < K for every p > 2, and K depends on the

constants K, g and p.

The following Lemma in the real sense was first used by Nachman, the complex

version also holds and was used in [Fra00].

Lemma 25. (Nachman [Nac96]) Let 1 < s <2 and + = % —

1
5.
(1) If the complex function v € L*(R?), then there exists a unique complex

function v € L™(R?) such that (8 + ik)u = v.

(2) If the compler function v € L"(R?) and Ov € L*(R?), k € C — {0}, then

there exists a unique complex function u € WH(R?) such that (8 +ik)u = v.

(3) If the complex function v € L"(R?) and dv € L*(R?), k € C — {0}, then

there exists a unique complex function u € W' (R?) such that (0 —ik)u = v.

The above lemma is also true if 0 is replaced by 0.
The following lemma will also be used in the proof of relating exponentially

growing solutions to the admittivity equation (1.1).
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Lemma 26. Let v(z) € W'P(2,k). Then we have the following identities

A(v(2) YV my(z, k) — 1) = (8 + ik)(v(2) "V ma (2, k) (6.1)

O(v(2) 7P maa(z, k) — 1) = (9 — ik)(v(2) " *mua(2. k) (6.2)

Proof. Note that

0(1(2) " Pmu(z, k) = 1) = 8(v(2) " H)mui(2,k) + ~(2) 70 (mu (2, k)
= v(2) 3 q(z)mu (2. k) + v(2) "2 q(z)ma(z, k)

= 7(2)_1/2(8 + ik)yma1(z, k) + v(2) " Y2q(2)may (2, k)
(6.3)

The second and third equalities came from (3.79) and (3.80), respectively.
We also have
(0 +ik)(7(2)"VPmar (2,k)) = O(v(2) 7 Pmar (2, k) + ik (2) " Pma (2, k)
= 9(v(2) "2 yman (2, k) + v(2) "1 20(ma (2, k)
+ iky(2) "2 my (2, k)

= v(2) "V 2q(2)ma1 (2, k) + (2) V(8 + ik)may (2, k)
(6.4)

Thus we get (6.1).
We will now derive (6.2). From (3.81) and (3.82), we get

A(v(2) VP mga(z, k) — 1) = (y(2) Y mag(2, k) + v(2) " V20(mga(z, k)
= v(2)"Y2q(2)maa(z, k) + v(2) V2 G(2)mya(z, k)

= 7(2)'1/2(5 — ik)mua(z, k) + v(2) "V2G(2)maa(z, k)
(6.5)
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We also have
(0 — ik) (v(2) " Pmaa(2. k) = A(v(2) "V maa(2. k) — iky(z) " Pmas(z, k)
= 5(7(2)_1/2)”&12(2” k) + V(Z)_l/zg(mm(za k))
— iky(2) " ?mya(2, k)

= v(2) "2 q(z)maa(z, k) + 7(2) V20 — ik)mua(z, k)
(6.6)

Thus we get (6.2). O

If o € WIP(Q)), we saw in section 3.2 that exponentially growing solutions
to the conductivity equation (1.1) if v = o, played a major role in the proof of
constructing a boundary integral equation that connect certain off-diagonal scat-
tering transform of the scattering transform S, (k) and the Dirichlet-to-Neumann
map. We will use the idea of [BBRO1] to prove some results for the existence of

exponentially growing solutions to the admittivity equation for the complex-valued

v € WHP(R?2).

Theorem 27. Let v(z) = o(z) +iwe(z) € WYP(Q), with p > 2 and such that o and
e satisfy (3.69) and (3.70), and let v(z) —1 have compact support in WHP(Q2). Then
for all k € C\ {0} there ezists a unique solution u(z, k) = e**{% + w(z,k)] to the
admittivity equation V - yVu = 0 in R? such that w(- k) € WP (R?), 2 < r < o0,
Moreover, we get the following equalities

1

0+ ) (e u(z k) — Ly = 7 2 mun(z ) - 1 (6.7
Be=*u(z, k) — %) Y2 (2, ) (6.8)
and
ek (2 k) — — <O+ 1) (6.9)
ki) L4

for some constant C.
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Proof. Let v be as given as in the statement of the theorem. Define the complex
function v via v(2) = v(2) "}%my1(z, k) — 1. We will first show there exists a unique
complex function w € WH(R?), r > 2 such that (8 +ik)w = v, k € C— {0}. Let

us rewrite v as follows,
v(2) = 7(2) V¥ mu(z, k) = 1] + [v(2) M2 = 1].

Let r > 2and 1 < ¢ < 2 with % = % — % We know by Theorem 24 that there exists
a C > 0 such that sup ||m(z, k) — 1|| gz < C for every r > 2 and v(z)7/* — 1
has compact support in W7 (R?). It follows that v € L"(R?) and by Minkowski’s

Inequality

o), = “7(“2)_1/2[7”11(2, k) — 1)+ [y(z)"V2 = 1]

e S Crryv

where C, , depends on r and bounds on ¢ and e.
We have
ov(z) = O(v(2) " *myy (2,k) — 1)
= (v ()P )man(z, k) +4(2) 7V (Omu (2, k)
= () 2q(=)mu(z, k) +7(2) "V Pa(2)ma (2, k)

= 7(2)7V2q(2)[ma1(z, k) — 1] +~(2) "V 2q(2)mar(z, k) + v(2) "V ?q(2)
(6.10)

The third equality came from (3.100).

We know that v(z)~/23(2) € LI(R?) with 1 < ¢ < p because ¢(z) has compact
support. It follows that y(z)"'/2§(z) € L$(R?) N L*(R?). By Generalized Holder’s
Incquality and the fact that |[mq(z, k) —1||;. is bounded with 1 = 1+ 1 we

have Jv(z) € L*(R?) and ||0v|

L*(R2) < K,, where K, ., depends only on r and



bounds on ¢ and €. Thus by Lemma 25 (2) there exists a unique solution w(z, k) €
W*HT(R?) such that

(0 + ik)w(z, k) = v(2) "V m(2,k) — 1 (6.11)
We have by (6.1),

O(v(2)"YPmu(z, k) — 1) = 0(v(2) 7V *mar (2, k) (6.12)

Taking O of both sides of (6.11) and using (6.12), we get
8(0 + ikyw(z, k) = d(v(2)"*my (2. k) — 1)

(6.13)
= (0 + k) (v(2) 7P ma(z, k)
Hence it follows by using the fact 8(0 + ik) = (0 + ik)0,
(0 +ik)(Ow(z, k) — v(2)"Y?ma1 (2, k)) = 0 (6.14)

But Jw(z, k) — v(2)"V?ma(z,k) € L"(R?), and so Lemma 25 (1), we must
have
dw(z, k) = v(2) "V *mau(z, k). (6.15)

Let’s define

u(z, k) = e®w(z, k) + Z—lk— : (6.16)

Thus, by (6.11)

(0 + ik) (e~ u(z, k) — %) — (0 + ik)w(z, k) = 7~ V2(2)ma (2, k) — 1

and by (6.15)

e * = u(z, k) — 7—1]?) = Ow(z, k) = v V2(2)ma (2. k)

That is, (6.16) satisfies (6.7) and (6.8).
The norm estimate given by (6.9) follows by Minkowski’s Inequality, the con-

stant C' depends on r, the bound on v — 1, and bounds on ¢ and e. O
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Remark: Note that from (6.7) we get

YV 2mag (2, k) — 1 = (0 + k) (e *u(z, k) — ;]5)
= 8(e~**u) + ike **du(z, k) (6.17)
= e **du(z, k)
and from (6.8)
(2, k) = Ble (= k)~ =)
= u(z, k)d(e %) + e **du(z, k) (6.18)

= e **du(z, k).

Equivalently, we can rewrite (6.7) and (6.8), respectively, as

Y22V 0u(z, k) = e**may (2, k) (6.19)

Y2(2)du(z, k) = €**my (2, k). (6.20)

We can also get an analogous result of Theorem 27 for exponentially grow-
ing solutions to the admittivity equation that are very similar to (6.7) and (6.8)

involving may(z, k) and mya(z, k).

Theorem 28. Let v(z) = o(z) + iwe(z) € WHP(Q), with p > 2 and such that o
and € satisfy (3.69) and (3.70), and let v(z) — 1 have compact support in WIP(Q).
Then for all k € C\ {0} there exists a unique solution u(z, k) = e**[ + W(z, k)]
to the admittivity equation V-4Vu = 0 in R? with @w(-, k) € W™ (R?), 2 < r < oo.
Moreover, we get the following equalities

(8 = ik) (e~ *Ti( 2, k) — 51/5) Y Y (2 k) — 1 (6.21)
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1

a(e—ikia’(z’ k) _ ;E) — 7—1/2(z)m12(z, k') (622)
and
—ikz~ 1 —1
e (2 k) — — <C(l+ —) (6.23)
Zk WI,T’(RZ) ’k:)

for some constant C.

Proof. The proof is identical to Theorem 27 and so we will only sketch some of
the ideas we need to modify the proof. Let v be as given as in the statement of
the theorem. Define the complex function v via v = v(2)~/?mgy(z,k) — 1 One

can show that v € L"(R?) and dv € L*(R?), where r > 2 and 1 < s < 2 with

1
p

o ==
D=

By Lemma 25 (3) there exists a unique complex function w € W7 (R?), such
that

(0 —ik)W(z, k) = v(2) Y ?map(z, k) — 1 (6.24)

By (6.2), we have

O(y(2) M Pmaa(z, k) — 1) = (8 — ik)(v(2) " Pmaa(2. k) (6.25)

Taking 0 of both sides of (6.24), the fact that 9(9 — ik) = (0 — ik)0 and using
6.25, we get
(0 — ik) (0 (2, k) — v(2) Y2 myp(2,k)) = 0 (6.26)
But 0w(z, k) —v(2)"Y?mia(z, k) € L"(R?), and so by Lemma 25 (1), we must
have
0w (z, k) = ~v(2)"*maa(z, k). (6.27)
Let’s define

Uz, k) = eikf[ilk bz k). (6.28)

68



Then the equations (6.21) and (6.22) follow with W17 (R?) norm given by
(6.23). [

Equivalently, we can rewrite (6.21) and (6.22), respectively, as

YV2(2)0U(z, k) = e may(z, k) (6.29)

Y2 2)0TU(z, k) = e**mag(z, k). (6.30)

6.2 A Boundary Integral Equation Involving a Exponentially Growing
Solution to The Admittivity Equation

In this section, we will show that the exponentially growing solutions u to the
admittivity equation as given in Theorem 27 satisfy a boundary integral equation
that is similar to both (3.8) and (3.63).

We will begin this section by establishing a simple but useful integral identity.

Lemma 29. Let v1,7v, € L=(Q). If uy,uy € HY(Q) satisfy the admittivity equation

(1.1) with boundary values f;, i = 1,2 then

<(Afyl - A'yz)fla f2> = /Q(’)/l - ’)/Q)V?I/l : V?l/gdm. (631)

Proof. We know that the Dirichlet-to-Neumann map A, is a self-adjoint operator.

Thus, we get
<(A'Yl - A72f1’f2> = <A71f1»f2> - <A72f17f2>

= <A71f1,f2> - <szf2’f1>

.32
= / v1Vuq « Viedr — / ¥ Vs - Vuydz (6.32)
Q Q

= /(’Yl — v2)Vuy - Vigdz.
Q

69



This integral identity implies the map A : v — A, is continuous with respect
to .

It was claimed by Bukhgeim in [Buk07] that the results of [Buk07] will yicld
global uniqueness for the Calderén problem with a complex-valued conductivity
(i.e., admittivity). So we will assume Lemma 2 holds for complex measurable
function v € WHP(Q), where 1 < p < 2. There is also numerical evidence that
supports this claim from computations performed by E. Murphy. The following
proposition shows a relationship between exponentially growing solutions ¢(z, k)
to the Schrodinger equation and u(z, k) to the admittivity equation. We will also
usc the fact that by the Sobolev Embedding Theorem, W2P(Q) ¢ W!P(Q), with

l<p<2

Proposition 30. Let v(z) = o(z) + iwe(z) € WIP(Q), with 1 < p < 2. Suppose
that v = 1 near 092, o and € satisfy (3.69) and (3.70), and let v(z)—1 have compact
support in WHP(Q). Let u be the exponentially growing solution to the admittivity
equation as given in Theorem 27 and let ¥ be the exponentially growing solution

to the Schré’dmger'equation‘ Then for nonexceptional k € C — {0}
iku(z, k) = v V2 (2)0(z, k) (6.33)
Proof. Note that
iku(z, k) = e** (1 + ikw(z, k))
= e y(2) 2 (y(2) 2 4 v(2) Pikw(z, k) (6.34)

= ey (2) V21 + (v(2)V2 = 1) + v(2)"2ikw(z, k))

satisfies the admittivity cquation with
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()2 = 1 4 ~(2)Y*ikw(z, k) € W (Q)

with r > 2.

Let 1(z, k) be the exponential growing solution to the Schrodinger equation,

(A +q)¢Y(z,k)=0, ze C ke C—{0}.

A,YI/Z

Here q = 7

We also know that
(z2) (2, k) = e y(2) VAL + i (2, k)

is also a solution to the admittivity equation with @(z, k) € W?(R?). Hence by
Theorem 27 and the complex version of Lemma 2, these exponentially growing

solutions must be equal. O

We will recall some terminology before we establish a boundary integral equa-
tion involving exponentially growing solutions. The single layer potential Sy is a

boundary integral operator defined by

Sef(z) = o, FW)Ge(z —y)du (). (6.35)

where G is the Faddeev Green’s function (3.6).

Now we are ready to establish an important boundary integral equation.

Theorem 31. Let v € WIP(Q) for p > 2 and suppose v = 1 near 9. Suppose o
and € satisfy (3.69) and (3.70), and let v(z) — 1 have compact support in W'P(Q).
Then for any nonexceptional k € C — {0} the trace of the exponentially growing

solution u(-, k) on 082 is the unique solution to

u(z, k) *e _ Sp(Ay — Mu(- k), z€09 (6.36)
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k€ C—={0}, A, is the voltage-to-current map when } contains the admittivity dis-
tribution and Ay is the Dirichlet-to-Neumann map of the homogeneous admittivity

1.

Proof. Let ; = [ — 3, where 1 <7 < 2and p > 2. Let {¥n},en C Wa(Q) be
a sequence converging to v € W1P(Q) and so by the Sobolev Embedding The-

orem, {Yn},en C WH(€2). Let ¢, be the exponentially growing solutions to the
Schrédinger equation with potential vy, Y zA%l/ 2, and u,, be the exponentially grow-
ing solutions to the admittivity equation with admittivity ~,. So we know for each

n € N, the complex version of (3.8) holds for nonexceptional k € C — {0}
V(s k)lon = € log — Sk(Ay — MY (- k),

k € C— {0}, and v =1 in the neighborhood of 9.
It follows by (6.33) that for each complex number k # 0, and for cach n € N
~y, 112
o Un = ua( k) = ul( k) in H'2(0Q). (6.37)

We claim that for each n, u, satisfies (6.36). To see this, by (6.33) and v, =1
in a neighborhood of 02,

1 1. ;1/2
Ee’“[ag = Sp(Ay — AM)u (k) = %elkzlaﬂ — Sk(A, — A1)72.k (-, k)
1 . 1
= ﬁ{;e“’”[aQ - Sk(A'y - Al)z-k—wn(» k)
_ wn(.z, k)laa (6.38)
ik
%:1/2

= ik wn(zv k)|BQ

= un(z, k).

Thus, u, satisfies (6.36) for each n € N.
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We know by Theorem 12 that M(z, k) depends continuously on . From (6.37)

and (6.31), we can conclude that
Si(Ay, — A)un (-, k) — Sp(Ay — Apul- k) (6.39)

So from (6.38), (6.37) and (6.39), u(:,k)|an satisfies (6.36). The uniqueness of
u(-, k)|sq follows by Theorem 27. |

6.3 The Scattering Transform and The D-N Map

Let us recall the scattering transform S, (k) from section 3.3,

_t 0 @'iEZQ(Z)%z(Z, k)
Sy (k) = - /Rz <—€ik267(2)¢11(2, k) 0 >d,u(z).

Note that by using the fact that 5(e‘iEzw12) = e’”_“zqwzg, integration by parts,
and by the compact support of ¢ the off-diagonal entry (5,)12(k) of S,(k) can be

written as

($)1alk) = = [ e a(ehim(e b)duz)
=2 [ e Ratayum(e. ()

:
- /Q Bl 1oz, K))du(2)

= o 176_”;21/)12(27 k)du(z)
™ Jan

(6.40)

where v = v +1v5 denotes the unit outer normal vector to 9€2. By similar argument,

we get a formula for the other off-diagonal entry of S, (k) given by

(Sy)21(k) i/{99 ve * 1y (2, k)dp(z). (6.41)

:27r

We have seen that the reconstruction method uses the reduction of the con-

ductivity equation to a first order elliptic system, and applying the d-bar method
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of inverse scattering theory to this elliptic system. In [BBRO1], the authors estab-
lished a boundary integral equation that connects the off-diagonal entries of the
scattering transform S,(k) and the Dirichlet-to-Neumann map. We will continue
to use the idea of [BBRO1] to support that the scattering transform S,(k) can
be found by using the exponentially growing solutions u(z, k) to the admittivity
equation. The authors generalized a certain formula which was first established
by Alessandrini [Ale90], and they also used some of the ideas of [Liu97]. We have
already seen that several properties of the exponentially growing solutions u to the
conductivity equation in Theorem 6 are some of the key ingredients in the proof
of Theorem 7. Moreover, the symmetry (3.30) was used in the proof of Theorem
7.

We would like to prove an analogous result of Theorem 7, but there are some
problems with coming up with such a result. We don’t have any symmetries in
the entries of the Jost matrix M with Francini’s definition of the potential matrix
Q4. We also know my definition of the potential matrix @, will not work for
several reasons, one reason is that we won’t have a version of Theorem 27. In
this section we will discuss a possible approach to establish a boundary integral
equation that connects the off-diagonal entries of the scattering transform S, (k)
and the Dirichlet-to-Neumann map.

We let @; be the potential matrices associated to the admittivities ;,

_ (0 @
@i—(@ 0)

where g; = —18log y; and ; = — %5 log ;. We let M(Q;, z, k) be the corresponding

Jost matrices.
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Let’s recall that the exponentially growing solutions u from Theorems 27 and

28, respectively, satisfy
7;/2(2)81‘(@2, z, k) = eikzmn(Qz, z, k)

and
13(2)0u(Q1, 2, k) = € mp(Q1, 2, k)
After taking (0 + ik)™! of both sides of (6.7), we set

1

R(Q9, 2, k) = e_“”u(Qg, z, k) — T

From (6.21), we can define R in a similar manner as above,

1

E(Ql, 2, k) = e**u(Q, 2, k) — T

Define
I = / 5(U(Q1,Z,k)u(Q2,z7_]}))721/23%1/2(12
Q
~ [ 0@ ~Ru(Qa 2 ) 20
Q

We will prove that:
s

T
[ = *E(Sm)zl(k) + Z(Sw)m(k)-
The first integral of I, I, simplifies to
- 1
I = — e_g(2)maa(Q1, 2, k)12 1 (R(Qs, 2, ~k) — ;?)

— e_g(2)ma(Qa. 7~ K} 2 (R(Qr. 2, k) + ik>

The second integral of I, I, simplifies to

~ N 1
Io = = ex(2)mia(Qu, 2 —F)y G (R(Qa 2, k) + o)
1

— ex(2)m11(Q1, 2, k)11 2R (R(Q1, 2, —k) — 1—/';)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)



From (6.47), (6.48), we can set [ = J; + J;, where
1 1/2
Ji =~ A e_z(2)maa(Qy, 2, k)q1(2)72*(2)dz
kK Ja
1 —
- Z»,E/e_;(z)mgl(Qg,z,—k)q1(2)711/2(z)d2
Q

1 .
+E/ek(z)mm(Ql,I,—k)Q2(2)721/2(2)dZ
o)
_3
ik Jq

(6.49)

ex(z)mi1(Q2, z, k)%(z)’hw(x)dz
and

/Qe 5 (2)maa(Qr, z, k)qr (T) 2 (z)R(QQ,z,—E)dz
/ e ()1 (Qo, 7. —B) s ()7 V2 (2) R(Qu, 2, k)dz
Q

ek m12 Ql’z -—ZI)QQ( ) /(Z) (Q?azvk)d‘z

:3\5\’

ex(2)m11(Q2, 2, k)g2(2)n ( )R (Q1, 2, —_)

Notice
T

- E(Swz)m(k)

+ = [ e_p(2)maa(Qr, 2, k) (2) (1 (2) — 1)dz

T o e_g(z)mar(Qn, 2, —]2)%(2)711/2(2)(12 (6.51)

1 ~
+ " ex(2)mi2(Q1, 2, —k)Q2(Z)’Yll/2(z)dZ
Q
1 ~
- z_fl%/ ex(2)mn (Qa, 2, k)Ga(2) (1 /2 (2) — 1)dz.
Q
So (6.51) is starting to look like (3.50) except we are not using any symmetries of

the entries of the Jost matrix M.

We also have from (3.80), (3.83), (3.81) and (3.84),

e_p(2)mn(Qr, 2. k)q1(z) = I(e_g(z)mi2(Q1, 2, k)) (6.52)

ek(Z)mn(QmZ,k)%(z) = 8(ek(z)m21(Q2,z,k)), (6—53)
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Substituting (6.52) and (6.53) back into (6.51), then use integration by parts,
and the fact 7; = 1 on 99, forces the last four integrals of (6.51) to vanish. Thus,
we get

(Sy)12(k) = =(S)21 (k). (6.54)

>

However, J, is not the same form as (3.49) and we won't get the nice equalities
as in (3.54) and (3.55).

The approach we took here to try get a boundary integral equation that relates
the off-diagonal entris of the scattering transform S, (k) and Dirichlet-to-Neumann
map is promising. We are hopeful that we can fix this problem in the near future.

6.4 The D-Bar Equatio, Computing v and the Reconstruction Algo-
rithm

We have successfully established a formula that computes the trace on 92 of
the exponentially growing solutions to the admittivity equation from the boundary
data, this is step 1 of the reconstruction algorithm of v from the Dirichlet-to-
Neumann map. In this section, we give a 0 equation in the variable k for the
exponentially growing solutions and construct admittivity v using an appropriate
equation that relates ()4 to the cxponentially growing solutions to the admittivity

equation. This will take care of steps 3 and 4 of the reconstruction algorithm.

Francini provides the necessary ingredients to do these two steps. From Theorem

13 of [Fra00], we have
OM (z,k) = M(z,k)Er(2)S, (k) (6.55)
where Oy, = 1(8, + i0y,). So we have

M (z, k) = 0, (M (2, k) Ey(2)S,(k)),

7



where 9, ' f(k) is the Cauchy transform given by

r = [ L.

T Jrz k—¢&
Francini [Fra00] established the following result for the recovery of Q.. For
any p > 0,
Qu(2) = Jim n(B,(0)" [ DGz, k(i)

where E = {k : |k ~ ko| < p}.

So we can recover the potentials ¢ and g from @,

0(2) = Jim p(B,(0))" [ T(e)rmns(e,K)lh) (6.56)
and
7(2) = Jim w(B(0) [ aleiman(e, () (6.57)
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Chapter 7

FINAL REMARKS

This dissertation has two purposes: (1) develop properties of the off-diagonal
entries of the scattering transform S, (k), and (2) to develop propeties of the ex-
ponentially growing solutions to the admittivity equation. Moreover, we made
contributions to the reconstruction algorithm of v € Wr(Q).

We have seen in chapter 3 that the scattering transform and exponentially
growing solutions to the conductivity equation arc important objects of intercst for
the reconstruction algorithm of ¢ from the Dirichlet-to-Neumann map. Properties
of both the scattering transform and the exponentially growing solutions to the
conductivity equation arc important from both the theorctical and applied points
of view.

We saw that Francini’s definition of the potential matrix did not lead to any
symmetries of the off-diagonal entries of S,(k). In chapter five we expand on the
list of properties of the scattering transform S,(k) using a modified definition of
the potential matrix Q. In particular, we saw that the off-diagonal entries of the

scattering transform S, (k) have the following properties under certain conditions

(37)12(]9) = (57)21 (E)

and

(Sy)21(e?k) = e (S,)u(k) and (S,)12(ek) = €*(S,)12(k).
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In chapter six, we developed several properties involving the exponentially
growing solutions to the admittivity equation. Some of these properties were use-
ful in constructing a boundary integral equation for the exponentially growing
solutions u to the admittivity equation.

We also did a promising investigation toward developing a boundary integral
equation involving the off-diagonal entries of the scattering transform and the
exponentially growing solutions ;;. We are hopeful that in the near future we can
use this idea to derive such a boundary integral equation.

In conclusion we have established the following steps in a reconstruction al-

gorithm for the admittivity v € W1P(Q) :

e Equations for (S,)12(k) and (S,)21(k) in terms of 12 and vy on 99 were

derived.

e A boundary integral equation for the exponentially growing solutions u in

terms of the Dirichlet-to-Neumann data A, — A; was derived.

e A relation between u and v, where ¥ is the exponentially growing Schrédinger

solution was established.

To complete the reconstruction algorithm it still remains to establish a con-

nection between ¥13laa, ¥21]an and ulsq or equations for 11, and 1y, on 99,
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Appendix A

In this chapter we will review standard definitions of certain function spaces
and their notations used in this thesis, they can be found in most graduate level
such as [Eva98].

Let Q C R? be a measurable set. As usual, let L(Q2) with 0 < p < oo denotes
the Lebesgue space, i.e, the space of equivalence classes of measurables functions f

in Q for which |f|” is integrable with the standard L? norm

Il = ([ futa)P sy
Let L>*(€2) denotes the space of essentially bounded measurable functions

endowed with the norm

/1l ooy = e885Up f < 00.

LP(Q2) with 1 < p < o0, is a Branch space, i.e., a normed space that is complete
with respect to the metric induced by its norm. L%*(Q) is an example of Hilbert
space is an inner product space which is complete under the norm induced by its
inner product.

L? denotes the subspace of LP of measurable functions which are compactly

supportly.
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We will briefly discuss the most important function space of interest, the
Sobolev space. Their importance lies in the fact that solutions of partial differential
equations are naturally in Sobolev spaces rather than in the classical spaces of
continuous functions and with the derivatives understood in the classical sense.
Such function spaaces consist of elements whose weak derivatives of various orders
live in various LP spaces.

Let k£ be a nonnegative integer and 1 < p < co. Define the Sobolev space,
denoted by W*?(Q), that consists of all locally summable functions v : & — R
such that for each multiindex o with |a] < k, D%u exists in the weak sense and
belongs to LP((2).

Let 1 < p < co. Define the norm of u € W*?(Q) to be

H“”ka(n) = (Z HDQU’HLP(Q))I/Z)'
la<kl

For WH>(Q), we simply use the natural L norm insidc the summation above.

The Sobolev space W*?(Q2) is a Banach space endowed with the above norm.

We write H*(Q) = WF2(Q)), where k is a nonnegative integer. H*(Q) is a
Hilbert space and H°(Q) = L2(Q2).

Let s > 0. We define the space
H(Q) = {ue L*(Q): (1 + |2[1)*%(2) € LX)}
H*(Q) is a Hilbert space, endowed by the norm
Iy = (f (141007
C(€1) is the usual Holder space, i.e.,

c*(Q) = {f: I £l 00 +5'upl—f—(['§2:7]}53/—)—| <oo Vury€ Q}
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Let M, be the set of 2 x 2 matrices over C. Denote the set LP(R?, M;) the
LP — space consisting of functions defined on R? with M; consiting of elements in
LP(R?).

Let Wﬂl”(Q) be the weighted Sobolev space,

WIEQ) = {1+ )2 f e WHP(Q)},

where § > 1/p, %%—% =1

Let m be a nonnegative integer. We write C™({)) to denote the space of
bounded dontinuous function on € with continuous and bounded derivatives up to
order m. We also write C(Q) = CY(Q).

We will need the following standard inequalities.

Generalized Holder’s Inequality: Leg fi € LP*(2) for k = 1,2,...n and

1= 51? + 51; + ...+ an where p > 1, then [];_; fi € LP(Q2). Moreover,
LP(frfa-Sn) < LPH(F1)LP(fo). L7 (fr).

Minkowski's Inequality: If f,g € LP(Q2), then f+ g € LP(Q2) and

1f+ 9lloy < Nl oy + 19l oy -

A fundamental result in complex function theory is Liouville's Theorem which
says that, the only bounded entire functions are the constant functions. Conse-
quently, the only entire function in LP(R?), 1 < p < o0, is the zero function. We
can use a generalized Liouville’s Theorem to handle a class of functions in certain
equations.

Define the differential operators 0 and 8 by

1,0 .0

_Lo 0, 1.8 8
—2 81‘1 8.272’

25 o,

Qi

). (A.1)
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We say a function u is a pscudoanalytic in C with coeflicients a, b if and only

it satisfies the equation

Ou = ati + bu, C (A.2)

Let 1 < p < 0o. A key result is if u € LP(R?) is a pseudoanalytic in C with
the cofficients a,b € L?(R?, then u = 0 (see Theorem 3.1.3 of [Knu02]).
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