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ABSTRACT OF DISSERTATION

AUTOMORPHISM TOWERS OF GENERAL LINEAR GROUPS

Let Gy be a group, Gy be the automorphism group of Gy, G the automorphism
group of G etc. The sequence of these groups together with the natural homo-
morphisms 7; ;41 : G; — Gi11, which take each element to the inner automorphism
it induces, is called the automorphism tower of Gy. If m; ;1 is an isomorphism for
some ¢ then the automorphism tower of GG is said to terminate.

For a given group it is in general not easy to say whether its automorphism
tower terminates. Wielandt showed in 1939 that if GG is finite with a trivial center
then the automorphism tower of (¢ will terminate in a finite number of steps. Since
then, some sporadic examples of automorphism towers of finite groups have been
described but no general results have been proven.

In this thesis we study automorphism towers of finite groups with a non-trivial

center. We look at the two extremes:
o Groups which are center-rich.
¢ Groups which have a small but non-trivial center.

We show that when looking for an infinite family of groups with terminating au-

tomorphism towers the first case is unfeasible. We then turn our attention to the
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latter case, specifically general linear groups of dimension at least two. In odd
characteristic GL(2, g) is not a split extension of the center. The first thing we do

is to calculate the automorphism group of GL(2,¢) for odd prime powers q. We

provide explicit generators and describe the structure of Aut(GL(2,q)) in terms
of well-known groups. In this case, the first automorphism group in the tower
is a subdirect product of two characteristic factors. This structure is propagated
through the tower and we use it to reduce the problem to studying subgroups of
automorphism groups of smaller groups. We then use this structure to compute

examples of automorphism towers of GL(2, ¢).

Margrét Séley Jénsdottir
Department of Mathematics
Colorado State University
Fort Collins, Colorado 80523
Ivall 2008
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Chapter 1

INTRODUCTION

1.1 History of the automorphism tower problem

The automorphism tower of a group G is defined to be the sequence of groups

G, together with maps 7, ny1: Gn — Gnts, defined by
[ ] GO = G
e G = Aut(G,), for all n > 0.

The map 7, n41 18 the natural map induced by conjugation and its image is the
group of inner automorphisms of (G,. The tower is said to terminate if the map

Trnn+1 1S an isomorphism for some n. A natural question to ask is:
Does this process terminate for a given group G7

This is the question Wielandt[Wie39] asked in 1939. He answered the question
positively in the case when G is a finite group with a trivial center.

There are two ways to state the general tower problem: either remove the
restriction that G must have a trivial center, or remove the restriction that &G must
be finite. Simon Thomas[Tho85] and Joel Hamkins{Ham98] have concentrated on

the latter and found bounds on the cardinal number that is the height of the tower



if the starting group is infinite with a trivial center. No new results have been
published for finite groups since Wielandt first asked the question. On his website
Thomas has a preliminary version of a book[Tho] on the tower problem and in a
book(Isa08] by Isaacs on finite group theory, which was published this year, there
is a chapter on automorphism towers but neither gives any new results when G is

a finite group with a non-trivial center.

1.2 Wielandt’s result
Suppose G is a group. For any element g € G, the homomorphism
h— h9 =g 'hg, for any he G

is an automorphism of G. An automorphism of this type is called an inner auto-
morphism and the collection of all the inner automorphisms form a group which
is denoted by Inn(G). The group of inner automorphisms is normal in the full
automorphism group of G.

The inner automorphisms of groups with a trivial center have a useful prop-

erty:
Lemma 1.2.1. Suppose G is a group with a trivial center. Then G = Inn(G).
Proof. Tt is clear that

@:G — Inn(G) : g (h— b =g ‘hg)

is a homomorphism, so we just need to prove that the kernel of the map is trivial.
Suppose g € ker(e). Then g~'hg = h for all h € G. This implies that g is in the
center of G but the center is trivial and g is therefore the identity element of G.

This shows that G = Inn(G). O



If we continue computing automorphism groups, then each group in the tower

has a trivial center by the following lemma:

Lemma 1.2.2. Suppose G is a group with a trivial center. Then Aut(G) also has

a lrivial cenler.

Proof. Suppose ¢ is an automorphism of G which lies in the center of Aut(G).
Then ¢ commutes with all elements of Aut((/); in particular it commutes with the

inner automorphisms of G. Thus we have for all g, h € ¢

Rel9e — et — o

Because G has a trivial center, this gives that g = ¢¢ for any g € G. Thus ¢ is the

identity element of Aut(G) and the center of Aut(G) is trivial. d

Now suppose G is a group with a trivial center. In this case we identify G

with the group of inner automorphisms of G and lemmata 1.2.1 and 1.2.2 give:
G < Aut(G) < Aut(Aut(@)) < Aut{Aut(Aut(G))) <. ..
Definition 1.2.3. If there exist groups G1, Gy, ..., G, such that
GaGiaGya---aG,9A,

then G is said to be a subnormal subgroup of A.

Note that if GG is a group with a trivial center, then G is a subnormal subgroup
of any group in the automorphism tower of G. Furthermore, if G is a finite group
we can use results on subnormal groups[Pet83, Sch5, Sch68] to see that the order

of any group in the automorphism tower of G is bounded by a single constant



involving the order of G. Thus the orders of the groups in the automorphism
tower of G form a non-decreasing sequence which is bounded above and therefore
the group order must become stationary after a finite number of steps. Since each
group in the tower is contained in the next group in the tower we see that after a
finite number of steps each step in the tower is an isomorphism.

It is not possible to apply methods similar to Wielandt’s method if the group
has a non-trivial center. If the group has a non-trivial center, then the starting
group is in general not a subnormal subgroup of the other groups in the tower.
Also, the bound on the order of groups in the subnormal series depends on the
groups in the series having a trivial center. Thus we cannot extend Wielandt’s

methods to groups with a non-trivial center.

1.3 Thesis outline

In this dissertation we study automorphism towers of finite groups with a
non-trivial center. There are two extremes in the open cases for automorphism

towers of finite groups with a non-trivial center:
¢ Groups that are far from having a trivial center.
e Groups that are close to having a trivial center.

We look at the first case in chapter 3 and the second in chapter 5. In the first
case, which we call center-rich groups, we look at abelian groups and p-groups. In
both of these cases the problem proves to be too difficult and in chapter 3 we will
show why that is. The automorphism tower can only terminate if some group in the
automorphism tower has no center. All p—groups have a non-trivial center and the

automorphism group of a p—group is likely to again be a p—group[HMO06]. Thus



the towers are likely to be too tall to be described in the level of detail required to
compute the center. This is shown in section 3.1. In the case of abelian groups,
the study of the automorphism towers is related to the study of which primes p
divide ¢ — 1, where ¢ is also a prime. The divisibility criteria can be analyzed using
number theory and asymptotic graph theory. The behavior of the automorphism
tower of an abelian group has random aspects and it cannot be said in which cases
the automorphisim tower is likely to terminate. This is shown in section 3.1.1.
The other extreme in the case of groups with a non-trivial center are groups
which have a relatively small center compared to the size of the group. An example
of these are general lincar groups over a finite field and we study them in chapters
4 and 5. In chapter 4 we describe in detail the automorphism group of GL(2,q)
for an odd prime ¢. We do this by giving explicit generators for the automorphism
group as well as giving the abstract structure both as a direct product of two well
understood groups and as a subdirect product of two characteristic factors of the
group. In chapter 5 we go on to generalize this abstract structure to all groups
in the automorphism tower of GL(2, g). It turns out that under special conditions
on the groups in the tower, that seem to hold for all odd prime powers, any group
in the tower is a subdirect product of two characteristic factors of the group, one
of which does not change. The factor that does change can be computed without
reference to the other factor or the to full group and therefore the computation
of the automorphism tower can be reduced to calculating this smaller tower. This
is both useful in practical situations, as computers can can be used to compute
higher towers of larger groups because the groups involved will be smaller, and
also to describe the theory of the tower as the groups in the reduced towers are

smaller and have structure that is easier to describe. This process is described for

[



general linear groups of dimension 2 but could be done for higher dimensions and
other related classes of groups. Finally, in section 5.2, we give conditions on certain
prime powers that give rise to a sub-family of GL(2, q) where the groups in the
family have related automorphism towers. These prime powers give antomorphism

towers which are in some cases easy to construct by hand and examples are given

in 5.3.1.



Chapter 2

CONSTRUCTIONS AND ALGORITHMS

As stated earlier, there are two extremes in the open cases for automorphism
towers of finite groups, namely the groups that are far from having a trivial center
and the groups that are close to having a trivial center. General linear groups of
dimension at least two are an example of groups with a relatively small center.
To discuss this case we need to understand this class of matrix groups. In this
chapter we give the definitions we will need and state the well-known results we
will use. Unless the proof of a result gives some special insight into the theorem,
it is omitted. We will also use some standard objects from group theory without

defining them. Definitions of these objects can be found in [DF99].

2.1 Matrix groups

Definition 2.1.1. The group of all n x n matrices with entries from a field Fy is

called the general linear group of dimension n over Fy and is written GL(n, q).

Definition 2.1.2. The group of all the matrices of GL(n, q) with determinant 1

1s the special linear group of dimension n over Fy and is written SL(n, q).

Note that SL(n,q) is the derived subgroup of GL(n,q) and is therefore a

characteristic subgroup of GL(n, q).



Lemma 2.1.3. The center of GL(n,q) consists exactly of the diagonal matrices
in GL(n, q) which have the same non-zero entry on the main diagonal. The center
of GL(n, q) s a cyclic group. We call these matrices scalar matrices and write the

center of GL(n,q) as Z(GL(n,q)) or Z

Definition 2.1.4. The group GL(n, q)/Z(GL(n,q)) is called the projective general

linear group of dimension n over Fy and is written PGL{(n, q).

Definition 2.1.5. The group SL(n,q)/Z(SL(n, q)) is called the projective special

linear group of dimension n over Fy and is written PSL(n,q).

Lemma 2.1.6. PSL(n,q) is a simple group for n > 2 except for PSL(2,2) and
PSL(2,3).

Proposition 2.1.7. Suppose q is an odd prime power. Then
H = (Z(GL(2,9)),SL(2, 9))

is subgroup of GL(2,q) of index 2 and S = Z N SL(2,q) is a subgroup of GL(2,q)
of order 2.

The structure of GL(2, ¢) described in proposition 2.1.7 can be scen in figure
2.1 on page 10.

For even prime powers q, GL(2,q) is a direct product of two characteristic
subgroups SL(2, ¢) and Z(GL(2,q)). The automorphism group in this case is the
direct product of the automorphism groups of the two factors. To get to the
description of the automorphism group of GL(2, ¢), ¢ odd, we will need one more

group. This is the group U shown in Figure 2.1.

Lemma 2.1.8. Let p be an odd prime and q = p*. Then GL(2,q) contains a

subgroup U with UN H = Z and such that U contains Z as a subgroup of indez 2.



Proof. First note that if U exists, it is generated by the generator of Z together
with one matrix K with K? € Z. If K € SL(2,q), then UN H = Z. It is therefore
sufficient to show that GL(2, q) always contains a matrix which is not a product of
a scalar matrix with a matrix with determinant 1 and whose square is in Z. The
determinant of a 2 x 2 scalar matrix is a square, so we need to find a matrix K
whose square is a scalar and whose determinant is a non-square. We now consider

two cases depending of the congruence of ¢ mod 4.

First we consider the case ¢ = 3 mod 4. In this case -1 is not a square, so

(? é) ¢ (Z,SL(2,q)) and we can choose K to be (? é)

If g =1 mod 4 we consider a matrix of the form K = < Lo ), where

—c -1
¢ € Fy. This matrix has determinant d = ¢ — 1 and its square is the scalar
: I—¢ O . L
matrix K? = ( 0 1 F) . If we choose ¢ = 1 — o, where « is a primitive
element of Fy, then K is invertible. Note that if d = —o is a square in Fy then

a =b*(~1) = (by/=1)* is a square as well because -1 is a square in F,. The order
of Fy is divisible by 2, so we know that o cannot be a square and therefore we have
K ¢(Z,8L(2,q)).

The two cases cover all odd primes, so [/ always exists. |
Corollary 2.1.9. If g =1 mod 4, then U is cyclic.

Proof. Follows directly from the proof of lemma 2.1.8. W]

Definition 2.1.10. Suppose G is a group and M is a normal subgroup of G. If
there exists a subgroup U of G such that G = M x U, then G is said Lo split over

M and U is called a complement of M.



GL(2,¢)

b

U

z =>GL<2,q>> SL(2,0)

°
N
il

<< = (a).
. U:=<<(l) é),Z>,qE3 mod 4,
(

1 1 _ -
o1 wl>>,q:l mod 4.

Figure 2.1: The structure of GL(2, ¢) with ¢ an odd prime power.

Note that we have that GL(2, ¢)/S splits over SL(2, ¢)/S and that the com-

plement to SL(2, ¢)/S is U/S.
2.1.1 Affine general linear groups

Definition 2.1.11. The group (C2)"™ x SL(n, 2) is called the affine general linear
group of dimension n over Fy and is written AGL{n,2). The multiplication in the

group is (v, A)(w, B) = (vB +w, AB) where v,w € (Cy)" and A, B € SL(n, 2).

Lemma 2.1.12. Let v be a row vector of length n with entries from Fy and (v) be
the additive group generated by v. The stabilizer Stabgr,m,g)((V)), where the action

is by right multiplication, is isomorphic to AGL(n — 1, 2).

Lemma 2.1.13. The group consisting of all matrices of the form

1 | 0 - 0
*
. GL(n, 2)
*
is isomorphic to AGL(n, 2).

10



Lemma 2.1.14. AGL(1,2) = Cy and AGL(2,2) = S4, where Sy is the symmetric

group acting on four points.

Lemma 2.1.15. The center of AGL(n,2) is trivial forn > 2.

Proof. Recall that AGL(n, 2) = (Cy)"xGL(n, 2). Let C be the center of AGL(n, 2)
with n > 2 and ¢ the natural homomorphism from AGL(n, 2) to AGL(n, 2)/(Cy)".
The image of ' under ¢ is contained in the center of GL(n,2) and therefore is
trivial. This shows that C' < (C2)", i.e. the elements of C have form (v, I) where
v € (Cy)" and I is the identity element of GL(n,2). The group C is the center
of AGL(n,2), so (=v,I)(w,A)(v,]) = (w —vA+v,A) = (w,A). This implies
Av = v for all A € GL(n,2). Therefore we have that v is the identity element of

(Cy)"™ and C is trivial. O

When we build automorphism towers in chapter 5, we will need to understand
the automorphism groups of affine general linear groups and therefore give a lemma

with the structure of the relevant groups.

Lemma 2.1.16.

o Aut(AGL(1,2)) = (1)

Aut(AGL(2,2)) = AGL(2,2) = S,

Aut(AGL(3,2)) = ACL(3,2) % C,

Aut(AGL(4,2)) = AGL(4,2)

Aut(AGL(5,2)) = AGL(5, 2)

11



2.2 Description of the algorithm

To find automorphism groups we use an algorithm by Cannon and Holt[CHO03].
This is a general algorithm that can be used for any finite group but we will only

describe the aspects we explicitly use here. For detail and a full description of the
algorithm, see [CHO3].

Let G be a finite group. First we choose a characteristic series for G:
G=Gy>G1>Gy> - >G,= (1)

where each group in the series is a characteristic subgroup of G. We also impose
the extra condition that the quotient of two consecutive groups in the series is a
cyclic group.

The idea is to use the automorphism group of G/Gy, to help in the calculation
of G/Gg41 until we have the automorphism group of G/G, = G. To describe the
algorithm we need to describe how to get from one quotient group to the next and

to do that we can assume without loss of generality that the characteristic series
is G > M > (1), where M is cyclic and Aut(G/M) is known.
We get from Aut(G/M) to Aut((G) with the help of three groups:

e C: the automorphisms which act trivially on M and induce the trivial action

on G/M.
e B: the automorphisms which induce trivial action on G/M.

e A: the full automorphism group of G.

Lemma 2.2.1. For the groups A, B and C' described above, we have C < B < A.

12



Proof. M is a characteristic subgroup of G and therefore any automorphism of
G induces an automorphism of G/M. Let ¢ be the natural homomorphism from
Aut(G) to Aut(G/M) which takes any automorphism of G to the induced auto-
morphism on G/M. Then B = ker ¢ and therefore normal in A = Aut(G). Now
let ¢ be the natural homomorphism which takes any automorphism of G to the
induced automorphism on M. Then ¢ = ker N ker ¢ and is therefore a normal

subgroup of B. g
2.2.1 Automorphisms centralizing both M and G/M

As above, (V' is the group of automorphisms of G which induce the identity on
both M and G/M. Let ¢ € C. Then, for any z € (, ¥ = x - m, where m is an

element of M. Note that because M is abelian and ¢ acts trivially on M, we have
(zn)? = 2%n® = 2%n = zmn = (zn)m,

for any n € M, so the image of x € G only depends on the coset in which z is.
Thus we define a map 7 from G/M to M by (xM)™ = m where m = z~'z¢,
Because ¢ is a homomorphism we get for all z,y € G the following condition

for 7:

oy (zyM) = (z-y)*
Y
=z (M) -y (yM)
=z y((aM)")" (yM)"

Canceling z - y gives

(zyM)" = ((M)7)* (yM)"

13



Setting u = M and v = yM, we get
(uwo)” = (u")" - v". (2.1)

This is exactly the condition for 7 being in the group of 1l-cocycles,
ZYNG /M, M)[CNW90].

Conversely, if 7 is a map in Z'(G/M, M), it satisfies (2.1) and if we set ¢ :
G — G:zv x(zM)7, then ¢ € C. Thus C corresponds to maps in ZY(G/M, M)
and the only thing needed is a way to calculate Z!(G/M, M).

In our case M < Z(() and therefore (¢/M acts trivially on M and 7 is a
homomorphism. Finding Z'(G/M, M) when M £ Z(G) is similar to the case
when M < Z(G) but the latter case is easier to describe.

To find Z}(G/M, M) we need G/M written as a finitely presented group on
a set of generators S with relators R. We consider a map v : G — G which takes
each element of G to a fixed M —coset representative. The images of elements of
(7 under v must satisfy the relators R. Any automorphism ¢ € C takes x € G to
an element of the form x - m with m € M and the images (z - m)” must satisfy
the relators R. Writing the relators in these images gives a linear system that
we solve for the entries from M. Note that this is a homogeneous system and
therefore is guaranteed to have at least one solution, namely the trivial one. The
group M is abelian and therefore a direct product of elementary abelian subgroups.
Therefore the elements of M can be written as vectors with the entries grouped
by the different characteristics.

In practice we only need to store generators of Z'(G/M, M) and give the maps

in ZY(G/M, M) as a vector of images for the generating set S of G/M.

14



2.2.2 Automorphisms centralizing G/M but not on M

Recall that B is the subgroup of automorphisms of G which induce the identity
on G/M, but not necessarily on M and that M is a cyclic group. We add the
further restriction that G splits over M.

Suppose ¢ € B. If m is an element of M and g an element of G, then we
have (m9)? = (m?)9* = (m?)9 because M is abelian and ¢ maps g to an element
in the same M-coset. In the general setting, when A is an abelian characteristic
subgroup of GG, the restriction of ¢ to M is a module automorphism of M but in
our case M is contained in the center of G and the equation above holds trivially.

We therefore have the following lemma.

Lemma 2.2.2. Suppose ¢ is an automorphism of G which centralizes G/M where

M is a characteristic subgroup of G conlained in the center of G. Then the re-

striction of ¢ to M is a group automorphism of M.

Because G splits over M, each element g of G can be written uniquely in the
form m - u, where m € M and u is an element of the complement of M. We now
claim that each automorphism ¢ of M gives rise to an automorphism qS of G which
induces ¢ on M and the identity on G/M. This automorphism is ng’ =m?. u,
for any g € G, written as a product of an element of M and an element from the
complement of M. The map qAS is clearly bijective, so the only thing that needs to

be shown is that QAS is a homomorphism.

Lemma 2.2.3. Let U be the complement of M in G. Then the map
$:G—=G: m-u—m?u,

where u € U and m € M, is a group automorphism of (5.

15



Proof. Suppose m - u and n - v are elements of G where m, n € M and u, v € U.

Because (m - u)(n - v) = (mn¥) - uv we have
((m - u)(n- v))qu = ((mn*) - uv)q3

and because ¢ is a homomorphism this equals m? (n*)® - wv. Because M is an
abelian group and ¢ maps an element from one M—coset to the same coset, this

again equals
m® (n®)" wv = (m? - w)(n? - v) = (m- u)® (n - v)°.
This shows that (b is a homomorphism. U

We now know that if G splits over M, the automorphisms from B/C cor-
respond to automorphisms of M and we can generate B by the generators of C
together with automorphisms of the type m - u +— m®.u where n € M, v € U and
¢ is an automorphism of M. The group M is cyclic so we can easily find the full

automorphism group of M and we have all of B.
2.2.3 Automorphisms centralizing neither G/M nor M

Recall that A is the full automorphism group of G. Since we already have
all the automorphisms which induce the identity on G/M we now only need to
consider the automorphisms which induce non-trivial automorphisms on G/M. If
¢ is an automorphism of G which induces ¢ we say that ¢ is a lift of ¢ or that ¢

lifts to ¢.

Lemma 2.2.4. Suppose ¢1 and ¢y are two lifts of ¢ € Aut(G/M). Then ¢o¢7! €
B, i.e. ¢od]" induces the identity on G/M.

16



Note that by lemma 2.2.4 we only need to determine whether a given auto-
morphism ¢ € Aut(G /M) lifts and, if it lifts, find a single automorphism ¢ of G

which induces it because we already have the automorphisms of G which induce

the identity on G/M.

In our context it will be clear how automorphisms lift but for a general de-

seription see [CHO3).

2.3 Subdirect products

A ba ~ B B
7 )% \ ’
(1) <—ker(¢a) ker(¢g) — (1)

N,

Figure 2.2: G is a subdirect product of G/ ker(¢4) and G/ ker(¢p).

Lemma 2.3.1. Suppose G, A and B are groups and

pa:G—Aandpp:G— B

are surjective homomorphisms with non-intersecting kernels. Lel ma and mg be the

natural maps

Ta:A— Af (ker(¢p))?* and mp : B — B/ (ker(¢4))®”

17



Furthermore, let ¥ : A/ (ker(¢p))** — B/ (ker(¢4))??, defined by ((gfx)“)v =
(gﬁ)ﬂB. Then the set K = {(a,b) € A x B| ((a‘b/‘)ﬂ")w = (b%8)"} is a subgroup

of A x B isomorphic to (.

Proof. K is a subset of A X B so we just need to show that K is closed
under the group operation. Suppose (a1,b), (a2,b2) € K. Then we have
(a1,b1)(az, b2) = (@102, b1bz) and ((ala‘z)“)w = (GTA)"p (GZA)¢ = b17b3° = (bab2)"",
so (ay1,b1)(az, b2) € K and K is a group.

Let 7 : G — K;g + (g¢A,g¢H). Note that by choice of 4, we have
((g"’f‘)“)w = (¢?#)"™ and 7 is clearly a homomorphism.

If " = (1,1) then g € ker(¢4) Nker(dp) = (1), so 7 is injective.

Suppose (a,b) € K. The map ¢, is surjective, so there exists a ¢ € G
with ¢7 = (a,g). Then g7 (a,b)™! = (1,Eb—1»)_ The element (I,Zb”l) is in K, so
R ker(¢4)%8. Let f € G such that f8 = bb=1. Then (f~lg)" = (1, (f“sB)—l)-
(a,,?;> = (a,b), so 7 is surjective. This shows that 7 : G — K is an isomorphism.

O

Definition 2.3.2. If G. A and B are as in lemma 2.8.1 then G is said to be a

subdirect product of A and B and is written G = AL B,

Note:

The notation AL B does not define a unique group up to isomorphism and must

be read in context.

Theorem 2.3.3. Suppose G is a group, S and T are two non-intersecting char-

acteristic subgroups of G and H = (S,T). Suppose furthermore that G/S only
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has inner automorphisms. Let As = Aut(G/S) and Ar be the subgroup of
Aut(G/T) which induces inner automorphisms on G/H via the natural isomor-
phism (G/T)/(H/T) = G/H. Let

ms: Ag — Aut(G/H)

. Ar — Aut(G/H)
via the natural isomorphisms G/H = (G/S)/(H/S) = (G/T)/(H/T). Then
Aut(Q) = Ag L Ap = {(0,7) € Ag X Aplo™ =77},

Proof. By lemma 2.3.1 G is a subdirect product of G/S and G/T. Let ¢5 :
Aut(G) — Ag be the homomorphism which takes an automorphism of G to the
induced automorphism on G/S. The group S is a characteristic subgroup of G so
¢g is well defined. Any element in Ag is an inner automorphism by an element Sg €
(G/S and is induced by the automorphism of G, namely conjugation by g. This
implies that ¢g is surjective. Let n : Aut(G) — Aut(G/T) be the homomorphism
which takes an automorphism of G to the induced automorphism on G/T. Any
automorphism of GG induces an inner automorphism on G/S and therefore on G/ H,
so the image of 7 is contained in Ar. Let ¢r : Aut(G) — Ar : 9 — ¢". Any
automorphism 7 of Ar induces an inner automorphism on G/H. This same inner
automorphism of G/H can be induced by an automorphism ¢ of G/S via mg. Let
Y : G/SAG/T — G/SAG/T : (s,t) — (s°,t7). Since ¢ and 7 agree on G/H
and ¢ and 7 are both automorphisms, this is a well defined automorphism. The
automorphism ¢ induces 7 on G/T, so ¢ is surjective.

Now suppose ¢ € ker(¢s) Nker(¢r). Then 1 acts trivially on G/S and on
G/T and therefore also acts trivially on G < G/S x G/T.

We therefore have Aut(G) 2 Ag L Ay = {(0,7) € Ag x Ap|o™ =7}, O
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Ag %5 Aut(G) —2T A

Figure 2.3: Aut(G) is a subdirect product of Aut(G)/ker(¢s) and
Aut(G)/ ker(¢r).

Subdirect products are a generalization of direct products and this work is
related to work currently being done to describe automorphism groups in terms of

subgroups and quotient groups[Die07, MP03].

Corollary 2.3.4. Suppose G is a group, S and T are two non-intersecting char-
acteristic subgroups of G and H = (S, T). Suppose furthermore that G/S has only
inner automorphisms and that G/H is abelian. Let As = Aut(G/S) and Ar be
the subgroup of Aut(G/T) which induces trivial automorphisms on G/H wvia the

natural isomorphism (G/T)/(H/T) = G/H. Then Aut(G) = Ag x Ar.
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Chapter 3

THE EXTREME CASES

3.1 p—groups

In the extreme case of a group being center-rich, one of the classes of groups
to look at is the class of p—groups. Though p—groups do not always have a large

center they somehow have “as much center as possible” as corollary 3.1.3 will show.

Definition 3.1.1. Suppose GG is a group. If &G has order p™, where p is a prime

then G is said to be a p — group.
Lemma 3.1.2. Suppose G is a p—group. Then G has a non-trivial center.

Corollary 3.1.3. Any non-trivial subgroup and any non-trivial quotient group of

a p—group is again & p—group.

Corollary 3.1.3 shows that p—groups and groups which derive from them have
a non-trivial center and thus they are an obvious candidates to look at when
studying groups with a non-trivial center. Recently new resultsfHMO07] have been
proven about the automorphism groups of p-group which are useful when trying
to determine whether automorphism towers of p—groups are likely to terminate.
Before we can state that result we need to define two new ways of measuring the

size of a group.
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Definition 3.1.4. A group G is minimally generated by d elements if there exist
elements g1,92,. .., 94 € G such that G = (g1, g2, ga) but (f1, fo,. .. fu1) # G

for all fi, fa, ... fa—1 € G.
Definition 3.1.5. Fiz a prime p. For any group H the lower p—series
H=H,>Hy,>...
of I is defined by iy = [LP[11;, H] for i > 1 where
[Hi, H] = (hi'h™'h;hlh; € Hi,h € H) .
The group H s said to have lower p—length n, if H, is the last non-identity element
of the lower p—series.
Proposition 3.1.6. Suppose H is s finite group. Then H is a p—group if and
only if H has a finite p-length.

Now we have three ways of describing the size of a p-groups: the p—length, the
number of generators and the size of the prime p. This allows us to state a theorem
describing the proportion of p-groups that have a p—group as their automorphism

group by letting one of the three parameters go to infinity at a time.

Theorem 3.1.7. [HM07] Fiz a prime p and positive integers d and n. Let r4y,
be the proportion of p—groups minimally generated by d elements and with lower

p—length at most n whose automorphism group is a p—group. If n > 2, then

lim rg, = 1.
d— oo

Ifd > 5, then

lim rgp, =1.
n—oo
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Ifn=2andd>10,0rn>3 andd>6 orn>10 andd > 5 then

lim rg, = 1.
o0

p—b

Theorem 3.1.7 says that for almost all p—groups the automorphism groups is
again a p—group though it is not in the sense that we consider all groups of order p™
and let n got to infinity. Recall that by lemma 3.1.3 any p—group has a non-trivial
center and that if the tower terminates the last group in the tower must be have
a trivial center. This implies that while the groups in the automorphism tower
of a group are p—groups the tower cannot terminate. Theorem 3.1.7 implies that
p—groups are not good candidates if we are looking for groups with automorphism
towers which terminate after few steps. They might be a good candidate if we
wanted to find groups with non-terminating towers but that would be another

study and here we 1mnust abandon p—groups as they are too difficult.
3.1.1 Abelian groups

Abelian groups are another example of groups that are far from having a
trivial center. For these the center is the whole group. Each finite abelian group
can be written as a direct product of cyclic groups so it is useful to understand

the automorphism groups of cyclic groups.

Lemma 3.1.8. [Hup/ Suppose GG is a finite cyclic group of order G™. Then

Cy x CZ(m~—2) ifp=2

Aut(G) = o el e
-1 X Cp of p is odd

Suppose G is a direct product of cyclic groups of prime power order, where

any two factors are coprime and let A be the automorphism group of . In this
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case A is the direct product of the automorphism groups of the factors of G.\ If the
factors of A have coprime orders, it is easy to describe the automorphism group
of A. The problem here is that the factors usually do not have coprime orders.
If, for example, p and ¢ are two odd primes, then ¢ — 1 and p — 1 always have a
prime divisor in common, namely 2. This means that the factors in the next step
will not be coprime. One problem that needs to be considered is how to describe
the potential prime divisors of orders of groups in the tower and give a general
description of what kind of primes can come up as divisors of ¢ — 1. This is not
necessarily an easy problem and a study of asymptotic behavior can be used to
get an insight into the difficulties.

Before we can describe the relationship between the automorphism towers of
abelian groups and graph theory we need to describe the process of building a
random graph. First we fix a set of vertices V. For any un-ordered pair of vertices
in V, the two vertices are connected by an edge with independent probability %

The resulting graph is called a random graph on V.

Theorem 3.1.9. [Cam99] There exists a graph on countably many vertices such
that any random graph on a countable number of vertices is isomorphic to this

graph. This graph is called the countable random graph.

There is a way to describe the random countable graph that does not involve

probability and this description is more convenient in our case.

Theorem 3.1.10. [Cam99] Suppose R is a graph on a countable number of vertices
such that for any pair of finite disjoint set of vertices U and V there is a vertexr of
R adjacent to every vertex in U and to none in V. Then R is isomorphic to the

countable random graph.
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To see how this is related to our situation we need the following lemma:

Lemma 3.1.11 (Dirichlet’s theorem). [Neu92] If integers a and b are relatively

prime, then the sequence
sp=an+bn=12 ...
contains an infinite number of primes.

Theorem 3.1.12. [Jon] Let 11 be the graph whose vertices are all odd primes and
there is an edge between p and q exactly if glp — 1. Then Il is isomorphic to the

random graph.

Proof. Suppose U and V' are disjoint finite subsets of II. By the Chinese remainder

theorem the simultaneous congruences

= 1 modgq VgeU
" |-1 modgq VgeV

are equivalent to a single congruence
p=c modn,

where n =[] gevuv ¢ and ¢ is coprime to n.
By Dirichlet’s theorem, there is at least one p € II satisfying this congruence,
so p is adjacent to every ¢ € U and to no ¢ € V. Hence Il is isomorphic to the

random graph. O

Note:
We want to describe the behavior of the automorphism tower of cyclic groups and
have just seen that is very related to describing patterns in the random countable

graph. Because any behavior occurs in the random graph it is impossible to give
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general rules or algorithms for determining all primes that might come up when
computing automorphism towers of cyclic groups and therefore infeasible to de-

scribe the general behavior of automorphism towers of cyclic groups.

3.2 Direct products of non-abelian simple groups

For any finite group with a trivial center, the automorphism tower of the group

terminates in a finite number of steps[Wie39]. An extreme in the case of groups
with a trivial center is the case non-abelian simple groups. Not only do they not
have a non-trivial center but the also have no non-trivial normal subgroups at
all. A slightly more general situation is to consider direct products of non-abelian
simple groups. In this section we will show that for groups that are a direct product

of non-abelian simple group, the tower terminates in at most two steps.

Lemma 3.2.1. Let G be a group and H a normal subgroup of G. If S is a

characteristic subgroup of H, then S is a normal subgroup of G.

Proof. Suppose s € § and g € G. Since H is a normal subgroup of G, the
conjugation of an element ¢ € G induces an automorphism of H. The group S
is a characteristic subgroup of H and any automorphism of H leaves S invariant.

Therefore we have g~'sg € S for any s € 5, so S is a normal subgroup of G. [

Lemma 3.2.2, Let G = R xS, Then any element of G can be writlen uniquely

in the form rs, wherer € R and s € §.

Corollary 3.2.3. Let G = R x S. Then the conjugation action of R on S is

trivial.
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Proof. Any element of G can be written uniquely in the form rs with r € R
and s € S. Let r,79 € R and s1,57 in S. Then (r181)(r282) = (r17m2)(s7's2) with
r1m2 € R and s7'sy € §. We also have (r181)(r282) = (7'17';;' }(8182) with 7‘11’;{"1 €ER
and $182 € S. Since any element factories uniquely into rs with r € R and s € S

we have s]' = s; for any r; € R and s; in S, so the conjugation action of R on .S

is trivial. O

Definition 3.2.4. The socle of GG is the group generated by all the minimal normal

subgroups of G. We denote this group by Soc(G).

Lemma 3.2.5. Suppose (7 is the direct product of non-abelian sirmple groups, (' =

S X S X -+ X Sy. Then G = Soc(Aut(@G)).

Proof. GG has a trivial center and thus we can identify G with its groups of inner
automorphisms. We write the group of inner automorphisms of G as G.

Suppose that Sy, ..., Sy are isomorphic and S; is not isomorphic to S; for any
[ >k Then S = 5) x 8§y x --+ x S 1s a characteristic subgroup of . Because
G 9 Aut(G), S is normal in Aut(G) by lemma 3.2.1. For any 4,7 € {1..k} there is
an element in Aut(G) which switches \5; and S; and none of the S; have non-trivial
normal subgroups. Therefore S is a minimal normal subgroup of Aut(G). This
shows that G is contained in the socle of Aut(G).

Suppose r € Soc(Aut(G)). Then Aut(G) contains a minimal normal subgroup
R;, with r € R;. This holds for any » € Aut(G). The groups R; and G are normal
subgroups of Aut((7) so we know that the socle has the form G x By x Ry x -+ - X R;.
Let R = Ry x Ry x -+ x R;. Then Soc(Aut(G)) = G x R and any ¢ € R must act
trivially on (¢ by lemma 3.2.3 and therefore acts trivially on G. This shows that ¢ is

the identity element of Aut(G) and therefore R is trivial and G = Soc(Aut(G)). O
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Corollary 3.2.6. If G is the direct product of non-abelian simple groups, then

Aut(G) contains a characteristic subgroup isomorphic to G.
Proof. Soc(Aut(@)) & G is a characteristic subgroup of Aut(G). O

Corollary 3.2.7. If G is the direct product of non-abelian simple groups, then

Aut(G) only has inner automorphisms.

Proof. Suppose ¢ is an automorphism of Aut(G). We identify G and the socle of
Aut(G). The socle is a characteristic subgroup of Aut(G) so we can restrict ¢ to
G. All automorphisms of G are inner automorphisms of Aut(G), so there exists
an inner automorphism 1 of Aut(G) which has the same action as ¢ on G. Let
7 = ¢!, Then 7 is an automorphism of Aut(G) which acts trivially on G.

We study the action of 7 on an element vy of Aut((G). For any element g € G

we have

= ((rle)g(r )™

= qWT

= ((r7Ye)g"(7]a))

= g’y.
The last equality holds because 7 acts trivially on . Therefore v = v" so 7
must be the identity. This shows that all automorphisms of Aut(G) are inner

automorphisms, O
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Chapter 4

AUTOMORPHISM GROUPS OF GENERAL
LINEAR GROUPS OF DIMENSION 2

4.1 Set-up for automorphism group algorithm

To find the automorphism group of GL(2,¢) we use the algorithm described
in section 2.2.

The first step in the algorithm is to choose a characteristic series of subgroups
of GL(2, q), where the largest group other than GL(2, ¢) is the center of GL(2, ¢).

We already have such a geries from proposition 2.1.7:

GL(2,9)> Z > S (1),

where Z is the center of GL(2,q) and S = Z N SL(2,q). We assume that
Aut(GL(2,9)/Z) is known and use that to find Aut(GL(2,¢)/S) and then use
Aut{GL(2,¢)/S) to finally get the full automorphism group Aut(GL(2,q)).

In the case of GL(2, q), ¢ odd, we have two lifting steps:
o From G/Z to G/S,
e From G/S to G itself.

To do the lifting we need a description of PSL(2, q).
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Proposition 4.1.1 (Steinberg presentation for PSL(2,q)). [Car89] Let G be
the finitely presented group given on the generators {x1(t), z_1(t)|t € Fq} subject

to the relations Ry, Ry and Ra.
Forr e {#£1}:

o Ry = {z.(t)z:(t2) = 2, (t; + t2)}
o Ry = {n.(z,(wn, ()t =x_(~1"%), l,Lu€ K, { # 0}
o Ry = {h(t,)h.(t2) = he(t1t2), trty # 0}

where
he(t) = n.(t)n,.(=1)
and

ne(t) = 2, ()7 (—t "z, (2).

The group G/Z(G) is isomorphic to PSL(2,q), and an isomorphism is given

by the surjective homomorphism

((l) j) — () 2(G)
6 :SL(2,q) — G/Z(G) : §

which has as its kernel the center of SL(2, q).

When computing the automorphism group of GL(2, q) factor groups isomor-
phic to PSL(2, q) come up and we use the description of PSL(2, ¢) to restrict the

behavior of automorphisms of GL(2, q) on those by using the following corollary.
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Corollary 4.1.2, Suppose g 15 an odd prime power and thal M is an abelian group
which centralizes PSL(2, q). Suppose furthermore that M has order dividing g — 1.
If ¢ is a homomorphism such that for any g € PSL(2, q) there exists m € M with

g® = mg, then ¢ is the trivial map.

Proof. By Proposition 4.1.1, PSL(2, ¢) is a homomorphic image of a group G sat-

isfying the relators on 4.1.1. The elements
{z(a"), where a is a generator of Fy, r € {1,—1}}

generate PSL(2, p") and must therefore satisfy the relators in Proposition 4.1.1.

Let mg,n; € M be such that
o z1(a')? = myai(at)
o z_1(c")? =nz_i(at)

The map ¢ is a homomorphism, so the images must also satisfy the relators.

Since m,; and n; centralize PSL(2, ¢), we use Ry and R, to get
m; = (ny_s;) "' for all 4 and 5.
By setting i = 0 we get that mo = (ny;)~" for all 5. This shows that
Mo = (Ng;) " =€
for all ¢ where e is a fixed element of M. Similarly, we get

Moiy1 = (n21'+1)-1 =o€ M.

We study the odd and even indices separately. Setting u =4 andt =21in R,

gives mg = ng 1. Since my = ny' = e this gives that e® = 1.
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If the characteristic of IFy is 3, then 3 does not divide (g — 1). In this case M
has no elements of order 3 and therefore e must be trivial. We therefore assume
3 does not divide ¢. In this case we set u = 9 and t = 3 in Ry and get €® = e, s0
the order of e is even and a divisor of 3 and e must be trivial. We treat the odd
indices in a similar manner. First set t = 2a and u = 4a® in Ry to get o® = 1.
Now, M either does not have any elements of order 3 or the characteristic of the
field is not 3 and we can set ¢ = 3a and u = 902 in Ry to get that o® is trivial. In
either case 0 must be the identity element of M.

We have that the elements m; and n; are trivial, so ¢ is trivial.

4.2 First lifting

When calculating the automorphism group of GL(2,q), ¢ odd, we need to
determine the subgroups described section 2.2. To do this, we can use the pre-
sentation of PSL(2, q) given in proposition 4.1.1. In this section C' is the group
of automorphisms of G/S which centralize both Z/S and (G/S)/(Z/S), B is the
group containing automorphisms which centralize (G/S)/(Z/S) and A is the full

automorphism group of /5.

Proposition 4.2.1.
C

il

(1), 4 ¢g=3 mod4
s, ifqg=1 mod4

Proof. G/S is a product of U/S and SL(2,¢)/S = PSL(2,q). Let ¢ be an auto-
morphism in C. The automorphism ¢ takes any element g from G/S to gm where

m € Z/S. We can describe the action of ¢ on G/S by its action on U/S, its
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action PSL(2, ¢) and the interaction between the two groups. For each element in
PSL(2,q), ¢ acts as multiplication by an element in the centralizer of PSL(2, q).
Therefore ¢ acts trivially on PSL(2, ¢) by Corollary 4.1.2.

Now we need to study the action of ¢ on U/S. The group U/S is generated
by two elements z and u with z a generator of the cyclic group Z/S and u € Z/S
with 42 = 2* for some integer £. The automorphism ¢ acts trivially on Z/S, so
we only need to study the action on u. Let m € Z/S be such that u® = um. The
element «? is in Z/S so (u?)? = w?m? = u? so m? = 1. Therefore the element m
has order 1 or 2. If ¢ = 3 mod 4, then Z/S contains no element of order 2, so
|IC| =1. If ¢ =1 mod 4, then Z/S contains exactly one element of order 2 and

C

< 2. This element m does give an automorphism, so |C] = 2. O
Proposition 4.2.2. B/C = Aut(Cy1) and has order O(52).

Proof. The size of B/C is the size of Aut(Z/S). The group Z/S is cyclic of order
-‘L;—l. A generator z of Z/S can be taken to any element zF € Z/S with k coprime
to %. There are qﬁ(";—l) such numbers & and any such map is an automorphism,

so B/C = Aut(Cy1) and has order ¢(%5%). O

To determine A we need to understand the automorphisms of PSL(2, ¢) and,

to do that, we use the following lemma:

Lemma 4.2.3. [CCNt85] Let p be an odd prime and n € N. Then the group
of outer automorphisms of PSL(2,p™) is a direct product of the group of diagonal

automorphisms, which has order 2, and the group of field automorphisms of Fyn.

Lemma 4.2.4. Let p be an odd prime and n € N. Then the only outer automor-

phisms of PGL(2, p™) are the field automorphisms of Fyn.
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Lemma 4.2.5. Let q be a prime power. Then Aut(PSL(2,q)) & Aut(PGL(2,q)).

Proof. PSL(2, q) is the socle of PGL(2, ¢) so any automorphism of PGL(2, ¢) re-
stricts to an automorphism of PSL(2, ¢). Let ¢ be a map in the kernel of the natural
homomorphism Aut(PGL(2,¢q)) — Aut(PSL(2,q)). The kernel consists of those
automorphisms of PGL(2, g) which act trivially on PSL(2,q). Let a € PSL(2, q),
b € PSL(2,q) and ¢ = b% Then ¢ = ¢? = (b%)*° = b**, That is, a and a® have the
same action on PSL(2, ¢), so a™'a® is in the centralizer of PSL(2, ¢). Because the
centralizer of PSL(2, ¢) in PGL(2, g) is trivial the automorphism ¢ must be trivial.
By lemmata 4.2.3 and 4.2.4 we know that | Aut(PSL(2, ¢))| = | Aut(PGL(2, q))|,

so the two groups must be isomorphic. O
Proposition 4.2.6. A/B = Aut(PSL(2, q)), where ¢ = p™ with p an odd prime.

Proof. We are lifting from G/Z = PGL(2,q) to G/S. By lemma 4.2.4 we have that
Aut(PGL(2, q)) consists of inner automorphisms and field automorphisms which
clearly lift to automorphisms of G = GL(2, q) and therefore to automorphisms of
(G/S. The field automorphisms of PGL(2, ¢) lift to field automorphisms of G/S
of the same order. Because Z is the center of GL(2, ¢), the inner automorphisms
also lift to a group of automorphisms of the same order as the group of inner
automorphisms of PGL(2,q). We have by lemma 4.2.5 that Aut(PGL(2,q)) =

Aut(PSL(2, q)) so A/B & Aut(PSL(2, q)). O

Corollary 4.2.7. The group A contains a characteristic subgroup isomorphic to

PSL(2,q).
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4.3 Second lifting

Here we consider the lifting from G/S to G, where G = GL(2,q), ¢ an odd
prime power. Here C consists of the automorphisms which act trivially on G/S
and S, B is the group of automorphisms which act trivially on G/S and A is the

automorphism group of G.

Proposition 4.3.1. When lifting from G/S to G
o B/C is trivial,
o« C22(

Proof. Because S is elementary abelian and G does not split over .S, the group
I3/C is trivial[CHO3]. € corresponds to the group of 1-cocycles Z1((i/S, S). Since
(7/S is a a product of PSL(2,¢) and U/S, we can write the conditions for Z! as a

system of equations consisting of three parts:
e Equations for PSL(2, q),
e Bquations for U/S,
e Equations for the interaction of PSL(2, ¢) and U/S.

The last system can only give restrictions but not new autornorphisms. Lemma
4.1.2 gives that € is trivial on PSL(2, ¢). Suppose ¢ € C and s € S. Then, for
any element v € U, we have v? = vs* for some power i. The group S has order 2,
so ¢ is trivial on S. We consider two cases based on congruence of ¢ mod 4.

If g =3 mod 4, then U/S is generated by an element v € U/S of order 2 and

a generator z of the cyclic group Z/S. All the elements of Z/S have odd order, so
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z must be taken to itself. The element u has even order so mapping u to us, while
keeping Z fixed, gives an automorphism and |C| = 2.
If g =1 mod 4, then U/S is cyclic of order ¢ — 1. If u is a generator of U,

then u > su is a homomorphism so |C| = 2. O

4.4 The structure of Aut(G)

In general, not all automorphisms of factor groups lift to automorphisms of
the full group but, as we have seen, in the case of GL(2, ¢) every automorphisms of
the factor does lift. Here we put together the automorphisms from Section 4.2 and
the automorphisms from Section 4.3. We first look at the automorphisms from the

two groups called C.

Proposition 4.4.1. Let D be the subgroup of Aut{G) containing the autormor-
phisms of G which either induce the automorphisms in the group C from section

4.2 or are in C in section 4.3. Then

Cl ifg=3 mod 4
D=qCyxCy 4ifg=5 mod3
4 ifg=1 1mod 8.

Proof. If ¢ = 3 mod 4, then the first C is trivial and thus the only contribution
is from the second (' which has order 2.

Now suppose that ¢ = 1 mod 4. The only non-trivial automorphism in the
first C' takes @ to Wz where T is a generator of U/S and % is the unique element of
order 2 in Z/S.

If ¢ € Aut(G) induces this automorphism on G/S, then u® = uz where u

. g=1 3(g—1) . .
is a generator of U and 2z = vz or z = u~ 2 . The two maps with different
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choices of 7 differ by multiplication by the element s, so it is enough to consider
the case when z = u’T. A map ¢ with this action, u® = ug;_l, on U and the

trivial action on PSL(2,¢) is an automorphism of G if it keeps the intersection
UNPSL = (s) fixed. Since g—;—l is odd, s, which has order 2, is kept fixed by ¢ and
¢ is an automorphism of G.

Now we calculate the order of ¢.

g+l eg—l o
gl a1 w if 2% is odd
(1L¢>¢ = (u 2 ) =gttty = o anl -
su if 3= is even.

If g=5 mod &, then ¢ has order two and D = (5 x Cy. If ¢ =1 mod 8 then ¢

has order four and contains the C' from section 4.3 so D = (4. D

Next we consider the automorphism described in Proposition 4.2.2.

Proposition 4.4.2. Let IY be the group of all the automorphisms which induce the
identity automorphism on (G/S)/(Z/8) or on (3/S. Then

. Cy x Aut(Cy-r), ifqg=3 mod 4
Aut(Cog—1)), ifg=1 mod 4

Proof. The elements from F are the elements from C in section 4.3 and the el-
ements which induce B and C in section 4.2. We have already considered the
automorphism corresponding to the (s, so we need to study the automorphisms
in B.

First consider the case when ¢ = 3 mod 4, z is a generator of Z and v € U
the element of order 2 which generates U/Z. Let ¢ be the map which acts as a
homomorphism taking z to z* with ged(l, g — 1) = 1 and acts trivially on PSL(2, q)
and (u). The integer [ is odd so it fixes ZNPSL(2, ¢) and ¢ is an automorphism of

G. If ged(q — 1,1) = 1, then gcd(gg—l, [) =1 and ¢ induces an automorphism from
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B/C on (G/S. Any automorphism in B/C is induced by such an automorphism
¢. The subgroup D of Aut(G) moves u and therefore is not accounted for by any
of these automorphisms. The group DD and the automorphism group of Z act on
separate domains so E = Cy x Aut(Cy_y).

Now consider the case when ¢ =1 mod 4. In this case U is cyclic. Let ¢ be
the automorphism which takes a generator u of U to u!, with ged(2(g — 1),1) = 1,
and acts trivially on PSL(2,q). Since [ is odd, we have that s' = s and therefore
¢ is well defined. Since ged(2(g — 1),1) = 1 we have ged(%3,1) = 1 and ¢ induces
an automorphism from B/C on G/S. In 2.2.2, we showed that any automorphism
from B/C' is induced by such an automorphism. The automorphisms of this type
account for all automorphisms acting trivially on PSL(2, q) and taking generators of
U to other generators of U, so the automorphisrms of D are among them. Therefore

F= Allt(CQ(q_l)). : A

We now have described all the automorphisms of GL(2, ¢) which induce the
identity on GL(2,q)/S. It therefore only remains to find representatives for the

automorphisms for the factor A/B.

Theorem 4.4.3. Suppose q is an odd prime power. Then
Aut(GL(2,¢q)) = E x Aut(PSL(2, q)),

where
_J Gy x Aut(Cqy), ifg=3 mod 4
B Aut(Cog-1y)s ifg=1 mod 4.

Proof. The automorphisms in Proposition 4.2.6 are inner automorphisms and field
automorphisms and therefore must lift to autormorphisms of . The group S is
contained in the center of GL(2, ¢), so the subgroup of the lifted inner automor-

phism has the same order as on the factor. The field automorphisms also lift to
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automorphisms of the same order, so Aut(GL(2, ¢)) has a subgroup isomorphic to
Aut(PSL(2,q)). These automorphisms all induce non-trivial action on both G/S
and (G/S)/(Z/S) = PGL(2,¢), so ENAut(PSL(2, ¢)) = (1), where E is the group
from lemma 4.4.2. We have all the automorphisms of GL(2, ¢) and the only thing
that remains to be shown is that Aut(PSL(2, ¢)) and E are both normal subgroups
of Aut(GL(2, q)).

We now have generators for Aut(GL(2,q)) and can use this to show that
Aut(PSL(2,¢)) and E are normal subgroups. The generators are shown in table
4.1. To show that Aut(PSL(2,¢)) is normal in Aut(GL(2, q)), first note that the
group of inner automorphisms of GL(2, q) is normal in Aut(GL(2, ¢)). Clearly the
field automorphisins are centralized by automorphisms of the from u > u' where
[ is an integer. Therefore it is sufficient to show that in the case when g = 3
mod 4 the automorphism ¢ which has u — us and keeps the other generators of
GL(2, q) fixed centralizes field automorphisms. Recall that in the case when ¢ = 3
mod 4 the matrix u = (? (1)) has entries from the base field only and thus is
fixed by fleld automorphisms. Also recall that S has order 2 and is a characteristic
subgroup of GL(2,¢) and therefore is fixed by any automorphism of GL(2,q).
Thus ¢ centralizes field automorphisms. Both the field automorphisms and the
inner automorphisms form normal subgroups so their span, Aut(PSL(2,q)), is a
normal subgroup of Aut(GL(2,q)).

To see that E is normal in Aut(GL(2, ¢)), note that Aut(PSL(2, ¢)) contains a
characteristic subgroup isomorphic to PSL(2, ). This group is a normal subgroup
of GL(2,¢) by lemma 3.2.1. It is the only normal subgroup of Aut(GL(2,q)) iso-
morphic to PSL(2, ¢) and is therefore a characteristic subgroup of Aut(GL(2,¢)).
Any element of £ centralizes SL(2, ¢) and therefore centralizes PSL(2, gq). The cen-
tralizer of PSL(2, ¢) in Aut(PSL(2, ¢)) is trivial, so E is the centralizer of PSL(2, q)
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in Aut(PSL(2, q)) and is therefore a characteristic subgroup of Aut(2,¢). This im-
plies that E is a normal subgroup of Aut(GL(2,¢)). Both E and Aut(PSL(2,q))

are normal subgroups of Aut(GL(2,¢)), they span the group and intersect trivially

and thus Aut(G) is a direct product of the two. O

We have some immediate corollaries from the proof of theorem 4.4.3:

Corollary 4.4.4. Let ¢ be an odd prime power. Then

Aut(GL(2) q)) = CAu(‘.(GL(?,q))(PSL(2) Q)) X AUt(PSL(2 q))

Corollary 4.4.5. Let q be an odd prime power. Then Cauycr.qg)(PSL(2,9)) is a
characteristic subgroup of Aut(GL(2, q)).

Corollary 4.4.6. Aut(GL(2,q)) contains a characteristic subgroup isomorphic to

PSL(2, q).

We have calculated the full automorphism group of GL(2, ¢) for any odd prime
power g. Besides knowing the abstract structure of the automorphism group of
GL(2, q), we also have generators of the antomorphism group. These are shown in

table 4.1.

Note that we know two characteristic subgroups of Aut(GL(2,q)), namely
PSL(2,q) and Cautcriz,q)(PSL(2,q)). The intersection Caus(crz,q)(PSL(2,9)) N
PSL(2, q) is the center of PSL(2,q). The group PSL(2,q) has a trivial center

and thus the two groups must intersect trivially. We therefore have one more
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¢g=3 mod4 g=1 mod4
Inner automorphisms
Field automorphisms

No non-trivial w0
From first C ’ T
81 P 8y, Sp — S

For { with ged(g—1,1) = 1: | For [ with ged(2(¢ - 1),0) = 1:

From first B 22l ue u u
8y = 8, 89 > 8y 81 +— 81, 8y > 89
=T
U US = UL T, 2 2 U us = ul

From sccond €

8y 81, Sy = 89 §1 > 81, Sy T S

Table 4.1: The generators for the automorphism groups of GL(2, q)

way to describe the structure of Aut{GL(2,q)) and this time in terms of char-
acteristic subgroups. By lemma 2.3.1 Aut(GL(2,q)) is a subdirect product of
S = Aut(GL(2,q))/ PSL(2,q) and

Aut{GL(2, (]_))/CAM(GL(Q,(I)) (PSL(2,9)).

We know that the characteristic copy of PSL(2,q) in GL(2,q) is contained in

Aut(PSL(2, q)). This configuration is shown in figure 4.4. We now have:

Corollary 4.4.7. Let g be an odd prime power, P the characteristic copy of
PSL(2, ¢) in Aut(GL(2, q)) and C the centralizer of Aut(PSL(2, q)) in Aut(GL(2, q)).
Then

(a) Aut(GL(2, q))/ PSL(2,q) = C x (Aut(PSL(2, q))/ PSL(2, q))

(b) Aut(GL(2, q))/C = Aut(PSL(2, q))

(c) G = (C x (Aut(PSL(2,q))/ PSL(2,q))) L Aut(PSL(2, ¢)).

We have described Aut(GL(n,q)) in the case when n = 2 and ¢ is an odd
prime power. If ¢ is an even prime power then GL(2, q) = SL(2,q) x Z(GL(2, q).
Both of the direct factors are characteristic subgroups of GL(2,¢) and thus we

have Aut(GL(2, q)) = Aut(SL(2, q)) x Aut(Z(GL(2,q)) which is analogous to the
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Aut(GL(2,¢))

N\

Cawyari.qy (PSL{2,q)

Figure 4.1: Characteristic factors of Aut(GL(2, q))

result for odd prime powers. If n > 3, then SL(n,q) and Z(GL(2,q)) generate a
subgroup of index ged(n, g — 1)[CCN*85]. Here n might have non-trivial divisors,
so more than two cases need to be considered. A Steinberg presentation similar to
the one in 4.1.1 also exists for dimension n > 3. Thus an approach similar to the

one taken here can be used to describe Aut(n, g) for any n > 2.
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Chapter 5

AUTOMORPHISM TOWERS OF GENERAL
LINEAR GROUPS OF DIMENSION 2

5.1 Properties of the groups in the automorphism tower of GL(2,¢)

From chapter 4 we know the structure of the automorphism group of GL(2, q)
for odd prime powers q and we now use this structure to describe the automorphism
towers of GL(2, q). One of the results from chapter 4 is corollary 4.4.6 which says
that Aut(GL(2,¢)) contains a characteristic subgroup isomorphic to PSL(2, g).
For ease of notation we fix a prime power g and give names to the groups in the

automorphism tower of GL(2, g).

Definition 5.1.1. Let A, be the automorphism group of GL(2,q) and A, =
Aut(A,.) forn > 1.

Let P, be the characteristic subgroup of A, isomorphic to PSL(2, ¢). Note that
P, is a characteristic subgroup of A; and P, has a trivial center, so As must neces-

sarily contain a normal subgroup isomorphic to PSL(2,q). We call this subgroup

P,. We also have that P, is the group of inner automorphisims of A, corresponding
to the subgroup P;. We can therefore identify P; and F. If P, is the only normal
subgroup of A, isomorphic to PSL(2, q), then it is a characteristic subgroup of A,

and we repeat this process for Aj.
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This suggests a property that we will demand of the groups in our automor-

phism towers:

Condition 5.1.2. Suppose that for alln, A, contains a characteristic subgroup P,
isomorphic to PSL(2,q). As P, < A, s the subgroup of the inner automorphisms
of A,—1 coming from P,_;, we can identify P,_; and P,. We will therefore refer

to P, by P for alln € N.

We demand that condition 5.1.2 is satisfied for all the choices of ¢ considered
in this chapter. Though we cannot prove that this condition holds for arbitrary

odd prime powers g, we have not found any choice of ¢ for which it does not hold.

Theorem 5.1.3. Let E,, be the centralizer of P in A, and K = Aut(PSL(2,q)).
Then forn € N
(a) A, = Aut(PSL(2,q)) x I,

(b) A, = A, /P LA, JE, = Aut(PSL(2,9)) MK x E,)

Proof. (by induction)
(a) and (b) hold for A, by corollaries 4.4.4 and 4.4.7.

Suppose (a) and (b) hold for A,. Let S = E,, T = P, H = (S,T). Note
that A,/S = Aut(PSL(2, q)), so A, /S only has inner automorphisms by corollary
3.2.7. We also have from corollary 4.2.3 that A,/H = Aut(PSL(2,¢))/ PSL(2,¢)
is abelian. Let F' be the subgroup of G/ P which induces the identity on G/H. We
have from corollary 2.3.4 that A,+1 = F x Aut(PSL(2, ¢)). Because Aut(PSL(2, ¢q))
has a trivial center, the centralizer of P is fully contained in F and by corollary

3.2.3 we have F' = Cy,,,(P) = E,41 and thus (a) holds for n + 1.
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aut(Py 7/ §=F,
&f’/
T =P\
1

Figure 5.1: Set-up in theorem 5.1.3

We have assumed that A, contains a characteristic subgroup P isomorphic
to PSL(2, q). The group Aut(PSL(2,q)) contains this characteristic subgroup. We
have A, 11 = Ant1/ Aut(PSL(2,q)) X Apy1/H, 50 Apy1/P = E, 11 x K and we have
Ant1/Ent1 = Aut(PSL(2,q)). The group A,;; is a subdirect product of the two
quotient groups, so we have Any) = Aut(PSL(2, q)) A(Ey+1 x K) which is property
(b) for n+ 1. 0

In theorem 5.1.3 we described the groups in the automorphism tower of
GL(2, ¢) both as a direct product and as a subdirect product. The direct prod-
uct description in convenient when studying the center of A, but Aut(PSL(2,¢))
is not a characteristic subgroup of A,. The direct product can therefore not be
used directly to build automorphism tower. This is the reason we also need that
any group in the automorphism tower of GL(2, ¢) for an odd prime power q is a
subdireet product of two characteristic factors. In the proof of the theorem we
showed how this structure is propagated through the tower. A property to notice

in the proof is that though E, is the centralizer of P, it is calculated as a stabilizer
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in a group without an explicit reference to either A,_, or P. This leads to the

following corollary:

Corollary 5.1.4. Let E,, be the centralizer of P in A, and K = Aut(PSL(2,q)).
Suppose q is an odd prime. Forn € N
(a) An = Aut(PSL(2,q)) x E,

(b) Ap = An/P LA,/ E, = Aut(PSL(2,9)) L(Cy x E,),

where By =Cn(P)
Epi1 = Stabaue(cox£,)(En)

Proof. Because g is a prime, then Aut(PSL(2,q))/ PSL(2,q) = (. By the proof

of theorem 5.1.3 we know that F,,; is the subgroup of Aut(E, x C3) which in-

duces the identity on A,/(P,Cy4,) = Co. When q is a prime, E,, consists of all

automorphism of Aut(E, x Cy) which leave E,, invariant. We therefore have that

E’n+1 = StabAut(C’) X En) (En) 0

When working over a prime-field F,,, corollary 5.1.4 lets us reduce the calcu-

lation of automorphism towers of GL(2,p) to the calculation of smaller towers:

Definition 5.1.5 (Reduced tower of GL(2,p)). Let A be the automorphism
group of GL(2,p). The reduced tower of GL(2,p) is the sequence of groups
E\ E,, ..., where

Ey = Ca, (PSL(2, p))

B = Stabawg, xcy)(En-1) forn > 1.

We are interested in knowing whether the automorphism tower of GL(2,p)
terminates. With the help of the following lemma, we can also reduce that question

to the reduced towers:
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Lemma 5.1.6. Let A, be the n'* group in the automorphism tower of GL(2,p),
where p is an odd prime. Then A, has a center if and only if the n*t group in the

reduced tower of GL(2,p) has a center.

Proof. The center of a direct product of groups is the direct product of the centers

of the two groups. Since Aut(PSL(2,p)) does not have a center then the center of
A is the center of E,,. O

Theorem 5.1.7. The automorphism tower of GL(2,p) terminates if and only if

the n'* group in the reduced tower of GL(2,p) has a trivial center for some n.

Proof. Since an automorphism tower terminates if and only if the center of some

group in its tower is trivial, this follows directly from lemma 5.1.6. O

5.2 Case study of automorphism towers of GL(2, q)

We have reduced the building of automorphism towers of GL(2,q) for odd
prime numbers ¢ to the building of the reduced towers in definition 5.1.5. In this
section we identify some prime powers g that give certain nice groups as first groups
in the reduced tower of GL(2, ).

Recall that if GG is a cyclic group of order p™, where p is a prime, then we have

by lemma 3.1.8
Cy x Cz(m—Q) if p=2
Cpoy x C1 if pis odd

Aut(G) = {

We are interested in the two subgroups of Aut(GL(2,q)) given in definition

5.1.5, namely

Aut(Cye-1y) ifg=1 mod4
Aut(C,-1) ifg=3 mod4

One nice looking family of automorphism groups we can obtain are ones of

the form A = (Cy)* x C,, where p is an odd prime. Using lemma 3.1.8, we obtain
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conditions on the prime power ¢, that need to be satisfied for the automorphism

group to have this structure. There are two conditions that need to be satisfied:
¢ A does not have a subgroup isomorphic to Cjy
e |A| is divisible by exactly one odd prime.

Lemma 5.2.1. Suppose r is an odd integer and p and q are two odd prime divisors

of r with p < q. Then one of the following three holds:

o |Aut(C,)| 4s divisible ki where k,l are two, not mecessarily distinct, odd

primes
o Aut(C,) has a subgroup isomorphic to Cor with k > 1
e p=3andr =3q.

Proof. By lemma 3.1.8, we have that | Aut(C,)| is divisible by (p — 1)(¢ — 1). We
write p as p = 2%p; + 1 and q as q¢ = 2%¢, + 1 where p;, and ¢; are odd. Suppose
[ Aut(C,)| is not d’}visible by kt, where k,{ are odd primes. This means that either
p1 = 1 or gg = 1. First consider the case when ¢; = 1. Then k; > 1 because
g > p > 3 and therefore Cy, is a subgroup of Aut(C,) and we are in case two.
Now suppose ¢; # 1. Then g must be divisible by at least one odd prime and
since we are assuming that | Aut(C,)| is divisible by at most one odd prime, we
have p; = 1. If k, > 1, then Aut(C,) has a subgroup isomorphic to Cyr, and we
are in the second case. If k, = 1 we have p = 3. If 32 divides r then | Aut(C,)] is
divisible by 3 as well as an odd prime divisor of ¢. We are assuming only one odd
prime divides | Aut(C,)|, so we have that 3! is the largest powers of 3 dividing r.
We also have that if another odd prime divides r, then we must be in one of the

first two cases, so we have r = 3q. O
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From this lemma we see that for Aut(Cy-1)) and Aut(C,-;) to have the
structure (Cs)™ x C,, where p is a prime, we must have that ¢ — 1 = 2!r, where »
is a prime, or ¢ — 1 = 2! - 3r, where 7 is a prime. We also have as a corollary to

the proof that r = 2r; + 1, where 7; is a prime.

Definition 5.2.2. A prime p is called a Germain prime if 2p + 1 is a prime.

Proposition 5.2.3. Suppose q is a prime power with g =3 mod 4. Then
Aut(Cpey) = C, x (Co)*

if and only if ¢ = 2-3(2p + 1) + 1 where p is a Germain prime and i € {0,1}.

Cay x Cyp ifg=22p+1)+1
(Ce)2xCp, ifqg=602p+1)+1

Aut(Cypy) = {

Proof. ¢ =3 mod 4,s0q-1=4k+3—1= 4k+2 = 2r for some number k and an
odd number r. Therefore we have Aut(Cy_1) = Aut(Cs) x Aut(C,) = Aut(C,). By
lemma 5.2.1 we have that Aut(C,) = C, x (C,)* only if r = 3's for some odd prime
sand ¢ € {0,1}. We also see from the proof of that lemma that s = 2p + 1 where
p is a prime. Then Aut(C,.;) = Aut(Ch) x Aut(C,) =2 Aut(Cy) x Aut(Cy) =
(Co)* x O, O

Proposition 5.2.4. Suppose q is a prime power with g =1 mod 4. Then
Aut(C’,,._,l) = Cp X (Cz)k

if and only if g =22 3'(2p + 1) + 1 where p is a Germain prime and i € {0, 1}.

(CR)¥ x C, ifqg=2%(2p+1)+1

Aut(Cyg1)) =
ut(Cae-n) {((J2)4><c,, ifq=2"3(2p+1) +1
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Proof. ¢=1 mod4,soq—1=4k+1—1= 4k = 4-2/r for some numbers k, j and
an odd number r. If j > 1 we have from lemma 3.1.8 that Aut(Cy(4-1)) contains a
subgroup isomorphic to Cy; with j > 1, so we must have j = 0 and k = r is odd.
Then, as in proposition 5.2.3, we have that r = 3ts, where s is a prime of the form

2p + 1, with p prime, and ¢ € {0,1}. Then
Aut{Cog-1)) = Aut(Cas) x Aut(C,) = (Cy)? x Aut(Csi) x Aut(Cy) = (Cy)™*® x Cy.
]

We now know exactly the prime powers which give £ = Caw(arie.q) (PSL(2, q))
with the structure (Cy)" x C,, where p is a prime. This structure gives towers that
are easier to build and describe. We cannot say whether this family of primes
is infinite. For the family to infinite, there needs to exist an infinite number of
Germain primes such that ¢ = 22(2p+1)+1, ¢ = 22-3(2p+1)+1, ¢ = 2(2p+1)+1
or g =6(2p+ 1) + 1 are prime powers. We call such prime powers ¢ good prime
powers. A necessary condition for there to exist an infinite number of good primes
is that there exists an infinite number of Germain primes. Though it is conjectured
that infinitely many Germain primes exist{MTB99], it has not been proven. The

number of good prime powers ¢ smaller than a number n is shown in figure 5.2.

5.3 Examples of building automorphism towers of GL(2, q)

Once we have a way to reduce the building of automorphism towers to the
reduced towers, it only remains to calculate and understand the groups in the
reduced towers. Restricting ourselves to the prime powers in 5.2 we see that we

need to understand stabilizers of the type Stab Aut(C, x (Cy)" ) (C, x (C)™),



x 10

x 107

Figure 5.2: Number of good prime powers ¢

where p is an odd prime and n € {1,2,3,4,5}. In this section we study these

stabilizers and use them to build automorphism towers of GL(2, q).
Lemma 5.3.1. Suppose I/ = Sy x (C3)". Then Aut(FF) = Sy x ((Cy)™ x GL(n,2)).

Proof. Suppose E = ((1,2),(1,2,3,4), (a1, b1),. .., (an, by)). First note that Z =
(Ce)™ is the center of F and is therefore a characteristic subgroup of E. Also note
that the automorphism group of Z is GL(n, 2).

Suppose ¢ € Aut(E) and consider the images of (1,2) and (1,2,3,4). The
automorphism ¢ must preserve the order of elements, so (1,2)? = (¢, c2)v and

(1,2,3,4)¢ = (dy,d,ds,ds)w where v,w € Z. Note that ((1,2,3,4)(1,2))¢ =
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(2,3,4)% = (dy, da, ds, dg)(c1, c2)vw, 50 we see that vw is trivial and, because v and
w have order 1 or 2, we have v = w. By following ¢ by an inner automorphism of F¥
we see that we can assume without loss of generality that (1,2,3,4)% = (1,2,3,4)v
and (1,2)? = (1,2)v. We write an automorphism of this type as ¢,. It is easily
seen that ¢, is an automorphism of E for any choice of v € Z. We therefore have
a subgroup of Aut(F) isomorphic to (Cs)™ corresponding to multiplication of the
generators of Sy by an element from Z. Because any automorphism of E must
preserve the order of elements and we have considered all elements of £ of orders
2 and 4, we know that any automorphism of £ which moves a generator of Sy
is an inner automorphism, an automorphism of the type ¢, or a product of the

two. We have already considered the automorphisms of Z and thus have the full

automorphism group of F. It is clear that the inner automorphism form a normal
subgroup of Aut(FE) and it just remains to show that (C2)™ x GL(n, 2) is a normal
subgroup of Aut(E).

Let (s,2) € E with s € Sq and 2 € Z. Consider an inner automorphism of £
induced by r € S4 and let ¢ = (v, A) € (Cy)" x GL(n,2). For (s,2) € Sy x (Cy)"
we have (s, 2)¥ = (sv, zA). We then have

(s, 2)"" = (r7tsr, z)¥"
= (r~tsrv, zA)"
= (rlsrv, zA)"
= (rr~tsrurTt zA)

= (sv, 2)



We have that the inner automorphisms of E centralize (Cy)"™ x GL(n, 2) in Aut(E),

S0

Aut(E) = Sy x ((Cy)™ x GL(n, 2)).

Corollary 5.3.2. Suppose E = Sy x (Cy)" and K = (ky) = Cy. Then
Stabawexk)(E) = Sg % (((C2)™ x (C2)™) x GL(n,2)) .

Proof. We are looking for the stabilizer of I/ and already know the full automor-
phism group of E, so we need only consider the possible images of k1. The stabilizer
of a single copy of Cy in (C2)*! is AGL(n,2) = (Cy)™ x GL(n, 2), so we have that

Stabaw(exkx)(E) = S4 x ((C2)™ x GL(n, 2)). a
Lemma 5.3.3. The derived subgroup of AGL(k,2) is AGL(k,2) for all k > 3.

Proof. AGL(n,2) = (C3)"™ x GL(n,2). Suppose N is a normal subgroup such
that AGL(n,2)/N is an abelian group. Let ¢ be the natural map from AGL(n,2)
to AGL(n,2)/(Cy)"™. The image of N under ¢ is either trivial or all of GL(n,2)
since GL(n,2) is simple. If the image is trivial, then N < (C)"™ which is not
possible because that would imply that GL(n,2) < AGL(n,2)/N. Therefore N¢ =
GL(n,2). We therefore have AGL(n, 2) = (N, (C3)"). The intersection of (Cy)"NN
is a submodule of (Cy)™ that is invariant under GL(n, 2). This is not possible unless
the intersection is trivial or (Cy)™ < N. In the first case we have that N = GL(n, 2)
and AGL(n, 2) is a direct product of GL(n,2) and (C,)? which is not the case, so
we have (Co)" < N and AGL(n,2) = N. O

Lemma 5.3.4. AGL(3,2) is a characteristic subgroup of Aut(AGL(3,2)).



Proof. By lemma 2.1.16 we have Aut(AGL(3,2)) = AGL(3,2) x C; and therefore
Aut(AGL(3,2)) = AGL(3,2). O

Lemma 5.3.5. AGL(k,2) is a characteristic subgroup of AGL(k,2) x (Co)™ for

any valve of n and k > 3.
Proof. AGL(k,2) is the derived subgroup of AGL(k,2) x (Cy)" for any k > 3. O
Lemma 5.3.6. Aut(Aut(AGL(3,2))) = Aut(AGL(3,2)).

Proof. We identify Aut(AGL(3,2)) with the group of inner automorphism of
Aut(AGL(3,2)) contained in Aut(Aut(AGL(3,2))). The derived subgroup of
Aut(AGL(3,2)) is a characteristic subgroup of Aut(AGL(3,2)) by lemma 5.3.5.
Let ¢ € Aut(Aut(AGL(3,2))). There exists an inner automorphism 7 of

Aut(AGL(3,2)) such that ¢ and 7 have the same action on AGL(3,2). Let

We thus have that o = « for all @ € Aut(AGL(3,2)), so 1 is trivial and therefore
¢ = 7 is an inner automorphism of Aut(Aut(AGL(3,2))) and Aut(AGL(3,2)) only
has inner automorphisms. Because AGL(3, 2) has a trivial center this implies that

Aut(Aut(AGL(3,2))) 2 Aut(AGL(3,2)). O

Corollary 5.3.7. Aut(AGL(3,2) x (Cy)") = Aut(AGL(3,2)) x GL(n, 2).

o4



Corollary 5.3.8. Let E = AGL(3,2) x (C)" and K = (k) = Cy. Then
Stabauexi (E) = Aut(AGL(3,2)) x AGL(n, 2).

Corollary 5.3.9. Aut(Aut(AGL(3,2))x(Cy)") & Aut(AGL(3,2))x ((Cy)"* x GL(n, 2)).

Proof. (C3)™ is the center of Aut(AGL(3,2)) x (C2)™ and AGL(3, 2) is the derived
subgroup of Aut(AGL(3,2)) x (Cy)™ and therefore both groups are characteristic.
Because we know the automorphism group of each group it only remains to find all
possible images of the C, factor in AGL(3,2) x Cy = Aut(AGL(3,2)). It is easily
seen that the map which fixes AGL(3, 2) and the center of Aut(AGL(3,2)) x (Cs)"
and takes the generator of the Cy to itself multiplied by an element of the center

is an automorphism of Aut(AGL(3,2)) x (Cy)™. We therefore have
Aut(Aut(AGL(3,2)) x (Co)™) = Aut(AGL(3,2)) x ((Cy)" x GL(n, 2)).
(]

Corollary 5.3.10. Let ' = Aut(AGL(3,2)) x (Cy)" and K = (k) = Cy. Then
Stabaw(mx i) (E) = Aut(AGL(3,2)) x (((Co)™)? x GL(n,2)) and this group has a

trivial center for n > 2.

Corollary 5.3.11. Aut(AGL(k,2) x (Cy)") = GL(n, 2) x AGL(k, 2) for k € {4,5}

and any n.

Proof. Let k € {4,5}. By lemma 2.1.16 we have that Aut(AGL(k, 2)) = AGL(k, 2).
The group (C3)™ is the center of AGL(k,2) x (C3)") and AGL(k, 2) and AGL(k, 2)
is the derived subgroup of AGL(k,2) x (C3)™. This implies that both groups are
characteristic subgroups and therefore the automorphism group of AGL(%,2) x
(Cy)™ is the direct product of the automorphism group of the two characteristic

subgroups. a



Corollary 5.3.12. Let E =

AGL(m,2) x

(C)™ form > 4 and K = (k) = C,.

Then Stabauyexk)(E) = AGL(m, 2)x((Cy)" x GL(n, 2)) which has a trivial center

forn > 2.

Using the results from this section we can fill in the results in table 5.3 that

describe the behavior of the automorphism towers of the general linear groups

which have these groups in their reduced towers.

Em

Em+.1

tower beliavior

Sy < (Co) m > 2

Sy x ((C3)™ % GL(n, 2))

Z(Ep4) is trivial
= tower terminates

5’4 X (_/"2

)
Sa x ((Cy)*" % GL(n,2))
54 X (6'2)2

Reduces to line above
= tower terminates

Aut(AGL(3,2)) x (Co)™,
n>2

Aut(AGL(3, 2)) x
((Cy)™ x GL(n,2))

Z(Fpy) 18 trivial
= tower terminates

AWt(AGL(3.2) X Ca

Aut(AGL(3,2)) % (C5)?

Reduces to line above
= tower terminates

AGL(3,2) x C

Aut(AGL(3,2)) x Cy

Reduces to line ahove
= tower terminates

AGL(3,2) x (Cy),

Aut(AGL(3,2)) x

Z(E,41) trivial

n>2 ((Cy)™ x GL(n, 2)) = tower terminates
AGL(k,2) x (C2)", AGL(k,2)x Z(Fpy1) is trivial
n>2 k=45 ({(Co)™ x GL(n,2)) =tower terminates
AGL(k,2) x Cs AGL(k,2) x Cy 2 F,, period one
k=4,5
Table 5.1: Building and behavior of reduced towers
5.3.1 Examples of automorphism towers of GL(2, q)

Now that we understand the behavior of the reduced towers for a certain

groups we can apply this to GL(2,¢). The results of this are shown in table

5.2. The table shows the behavior for the automorphism tower of GL(2, g) for all
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“good” prime powers q, ¢ < 100. The two last lines in the table were computed
using ad hoc methods and the computer algebra system GAP[GAP04]. This was
necessary because a normal subgroup isomorphic to Cy gets introduced and this
gives an idea of the technical difficulties that arise when computing reduced towers

for large prime powers.
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